GACS-7205-001 Digital Image Processing Page 48
(Fall Term, 2022-23)

Image Interpolation

Interpolation is a basic tool used extensively in tasks such as
zooming, shrinking, rotating, and geometric corrections.

Fundamentally, interpolation is the process of using known data
to estimate values at unknown locations.

For example, we want to resize an image of size 500 x 500 pixels to
750 x 750 pixels. To perform intensity-level assignment for any
point in the overlay, we look for its closest pixel in the original
image and assign its intensity to the new pixel in the 750 x 750 grid.
This method is called nearest neighbour interpolation.

A more suitable approach is bilinear interpolation, in which we
use the four nearest neighbours to estimate the intensity at a given
location.

Let (%,y) denote the coordinates of the location to which we want

to assign an intensity value, and let ©(2,y) denote that intensity

value. For bilinear interpolation, the assigned value is obtained
using the equation

v(z,y) = az + by + cry + d | (2.4-6)

where the four coefficients are determined from the four equations
in four unknowns that can be written using the four nearest

neighbours of point (7,¥) .

The next level of complexity is bicubic interpolation, which
involves the sixteen nearest neighbours of a point:

3 3
ozy) =D, ) ey’ (2.4-7)
0

i=0 j=
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where the sixteen coefficients are determined from the sixteen
equations in sixteen unknowns that can be written using the

sixteen nearest neighbours of point (z,9) .

Example 2.4: Comparison of interpolation approaches for image
shrinking and zooming.

abec
ale] i

FIGURE 2.24 (a) Image reduced to 72 dpi and zoomed back to its original size (3692 X 2812 pixels) using
nearest neighbor interpolation. This figure is the same as Fig. 2.20(d). (b) Image shrunk and zoomed using
bilinear interpolation. (c) Same as (b) but using bicubic interpolation. (d)—(f) Same sequence, but shrinking
down to 150 dpi instead of 72 dpi [Fig. 2.24(d) is the same as Fig. 2.20(c)]. Compare Figs. 2.24(¢e) and (f),

especially the latter, with the original image in Fig. 2.20(a).

It is possible to use more neighbours in interpolation, and there
are more complex techniques.
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2.5 Some Basic Relationships between Pixels

Here, we consider some important relationships between pixels in
a digital image.

Neighbours of a Pixel

A pixel p at coordinates (7,¥) has four horizontal and vertical
neighbours:

(z +1y), (z—1Ly), (z,y +1), (z,y — 1),

This set of pixels is called the 4-neighbuors of p, and denoted by
Ny(p).
The four diagonal neighbours of p are

(‘/E+1ay+1>7 (x+17y_1)7 (x_17y+1)7 (x_lay_D,
and are denoted by Np(p).

Adjacency, Connectivity, Regions, and Boundaries

Let V' be the set of intensity values used to define adjacency. In a
binary image, V' = {1} if we are referring to adjacency of pixels
with value 1.

In a gray-scale image, set V' typically contains more elements.
For example, with a range of possible intensity values 0 to 255,
set V' could be any subset of these 256 values.

Consider three types of adjacency:

(a) 4-adjacency. Two pixels p and g with values from V' are
4-adjacency if g is in the set N4(p) .
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(b) 8-adjacency. Two pixels p and g with values from V' are
8-adjacency if ¢ is in the set Ns(p).
(c) m-adjacency (mixed adjacency). Two pixels p and g with
values from V' are m -adjacency if
(i) gqisinthe Nu(p), or
(ii) ¢ isinthe Np(p)and the set Vi(p) N Ni(¢) has no
pixels whose values are from V.

Mixed adjacency is a modified of 8-adjacency.

1 1--1 1--1
1 1
1 1 1
1
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FIGURE 2.25 (a) An arrangement of pixels. (b) Pixels that are 8-adjacent (adjacency is
shown by dashed lines; note the ambiguity). (c) m-adjacency. (d) Two regions that are
adjacent if 8-adjecency is used. (e) The circled point is part of the boundary of the
1-valued pixels only if 8-adjacency between the region and background is used. (f) The
inner boundary of the 1-valued region does not form a closed path, but its outer
boundary does.

For example, consider the arrangement shown in Figure 2.25 (a)
forV = {1}.

The three pixels at the top of Figure 2.25 (b) show ambiguous 8-
adjacency, which is removed by using m-adjacency, as shown in
Figure 2.25 (¢).
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A path from pixel p with coordinates (7,%) to pixel g with
coordinates (,%) is a sequence of distinct pixels with coordinates

(ZU(),y()), (xlayl)v T (xnayn),

where (‘/E()vy()) — ({E, y) ) (xnayn> - (37 t) ) and piXClS (xzvyz) and
(%i—1,9;-1) are adjacent for 1 <4 < n. n is the length of the path.
If (%0,%0) = (4, ¥x) , the path is a closed path.

We can define 4-, 8-, or m-paths depending on the type of adjacency.
The path shown in Figure 2.25 (b) between the top right and bottom
right points are 8-paths, and the path in Figure 2.25 (c) is an m-path.

Let S represent a subset of pixels in an image. Two pixels p and ¢
are said to be connected in S if there exists a path between them
consisting entirely of pixels in.S . If it only has one connected
component, set S is called a connected set.

Let R be a subset of pixels in an image. We call R a region of the
image if R is a connected set.

Two regions, R and £, are said to be adjacent if their union forms
a connected set. Regions that are not adjacent are said to be disjoint.

The two regions (of 1s) in Figure 2.25 (d) are adjacent only if 8-
adjacency is used.

Suppose that an image contains K disjoint regions, By, k¥ = 1,2,.... K |
and none of which touches the image border. Let R, denote the union
of all the K regions, and let (,)° denote its complement. We call all
the points in R, the foreground, and all the points in (7,) the
background of the image.
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The boundary (also called the border or contour) of a region 1 is the
set of points that are adjacent to points in the complement of R .

Again, we must specify the connectivity being used to define
adjacency. For example, the point circled in Figure 2.25 (e) is not a
member of the border of the 1-valued region if 4-connectivity is
used between the region and its background.

As arule, adjacency between points in a region and its background
is defined in terms of 8-adjacency to handle situations like above.

The preceding definition is referred to as the inner border of the
region to distinguish it from its outer border, which is the
corresponding border in the background.

This issue is important in the development of border-following
algorithms. Such algorithms usually are formulated to follow the
outer boundary in order to guarantee that the result will form a
closed path.

For example, the inner border of the 1-valued region in Figure 2.25
(f) 1s the region itself.

If R happens to be an entire image, then its boundary is defined as
the set of pixels in the first and last rows and columns of the image.
This extra definition is required because an image has no neighbours
beyond its border.



GACS-7205-001 Digital Image Processing Page 54
(Fall Term, 2022-23)

Distance Measures

For pixels 7, ¢, and 2, with coordinates (7,), (s,t), and (v,w),
D 1s a distance function or metric if

(a) D(p.g) =0 (D(p,g) =0 iff p=1q)
(b)y D(p.q) = D(¢,p), and

(c) D(p,2) < D(p,q) + D(q,2) .
The Euclidean distance between p and ¢ 1s defined as
D.(p.q) = [ —s)* +(y — ], (2.5-1)

The D, distance (called the city-block distance) between p and ¢ is
defined as

Dy(p.g) =z —s|+|y—t]. (2.5-2)

Example: the pixels with Dy distance < 2 from (2,y) form the
following contours of constant distance:

2
2 1 2
2 1 0 1 2
2 1 2
2

The pixels with Dy = 1 are the 4-neighbuors of (,9).
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The Ds distance (called the chessboard distance) between p and ¢

1s defined as

Dg(p,q) = max(|z —s [,|y—1]). (2.5-3)

Example: the pixels with Ds distance < 2 from (2,9) form the
following contours of constant distance:

2
1
0
1
2

N DN DD DN
D = = =N

2 2
1 2
1 2
1 2
2 2

The pixels with Ds = 1 are the 8-neighbuors of (,9)..
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2.6  An Introduction to the Mathematical Tools Used in Digital
Image Processing

Two principal objectives for this section: (1) to introduce the
various mathematical tools we will use in the following chapters;
(2) to develop a “feel” for how these tools are used by applying
them to a variety of basic image processing tasks.

Array versus Matrix Operations

An array operation involving one or more images is carried out
on a pixel-by-pixel basis.

There are many situations in which operations between images
are carried out using matrix theory.

Consider the following 2 x 2 images:

b bi
bor by

aj; 12
and
o1 Q92

The array product of these two images is

bii  bio i1y a12b12l

boy oo Aorbyy  A9oboo

aj; a2

o1 Q92

while the matrix product is given by

by bi
bor Do

1011 +a19byy 1019+ a19000
1011+ G99byy A9y b1o+ Aol

aj; a2

o1 Q92

We assume array operations throughout this course, unless stated
otherwise.
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Linear versus Nonlinear Operations

One of the most important classifications of an image processing
method 1s whether it is linear or nonlinear.

Consider a general operator, H , that produces an output image,
9(x,y), for a given input image , f(z,9):

H{f(z,y)] = 9(z,y) . (2.6-1)
H 1s said to be a linear operator if

Ha;fi(z,y) + a;f;j(z,y)| = o H| fi(z,y)] + o, H | [;(z,y)]
= a;9;(x,y) + a;g; (z,y) , (2.6-2)

where a;, a;, fi(z,y), and fj(z,y) are arbitrary constants and images.

As indicated in (2.6-2), the output of a linear operation due to the
sum of two inputs is the same as performing the operation on the
input individually and then summing the results.

Example: a nonlinear operation.

Consider the following two images for the max operation:

0 2 6 5
h=ly 5| md B=1y o),
and we let ;. =1 and a = —1. To test for linearity, we start
with the left side of (2.6-2):
0 2 6 5 -6 —3
max{(l)2 3—1—(—1)4 7}max{2 4}2.
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Then, we work with the right side:

} + (1)max{

The left and right sides of (2.6-2) are not equal in this case, so we
have proved that in general the max operator is nonlinear.

0 2
2 3

6 5

(1) max«[ 47

}3+(1)74.

Arithmetic Operations

The four arithmetic operations, which are array operations, are
denoted as

s(z,y) = f(z,y) + g(x,y)
d(z,y) = f(x,y) — 9(z,y)
p(z,y) = f(z,y) x g(z,y) (2.6-3)

Example 2.5: Addition (averaging) of noisy images for noise
reduction.

Let 9(z,y) denote a corrupted image formed by the addition of
noise, 7(Z,Y), to a noiseless image f(z,9):

9(z,y) = f(z,y) + n(z,y) (2.6-4)

where 7(2,9) is assumed to be uncorrelated with zero average
value.

The objective of the following procedure is to reduce the noise
content by adding a set of noisy images, {9:(%,¥)}. With the

above assumption, it can be shown that if an image 9(7,¥) is
formed by averaging K different noisy images,
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K
g(z,y) = %;gi (2,y) (2.6-5)
then it follows that
E{g(z,y)} = f(z,y), (2.6-6)
and
Odaa) = %Uix,y), (2.6-7)

where £{9(z,y)} is the expected value of ¢, and @ ;(x,y) and

g i(g;,y) are the variances of ¢ and 7, all at coordinate (7,¥).

The standard deviation (square root of the variance) at any point
in the average image is

1
O'f

gay) = T Onley) (2.6-8)

As K increases, (2.6-7) and (2.6-8) indicate that the variability of
the pixel values at each location (2,9) decreases. This means that

9(z,y) approaches f(z,y) as the number of noisy images used in
the averaging process increases.

Figure 2.26 shows results of averaging different number of noisy
images to image of Galaxy Pair NGC 3314.
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abc

dle]

FIGURE 2.26 (a) Image of Galaxy Pair NGC 3314 corrupted by additive Gaussian noise. (b)—(f) Results of
averaging 5, 10, 20, 50, and 100 noisy images, respectively. (Original image courtesy of NASA.)

Example 2.6: Image subtraction for enhancing differences.

A frequent application of image subtracting is in the enhancement
of differences between images.

abc
FIGURE 2.27 (a) Infrared image of the Washington, D.C. area. (b) Image obtained by setting to zero the least
significant bit of every pixel in (a). (¢) Difference of the two images, scaled to the range [0, 255] for clarity.
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As another illustration, we discuss an area of medical imaging called
mask mode radiography. Consider image differences of the form

9(z,y) = f(z,y) — h(z,y). (2.6-9)

where 2(7,y), the mask, is an X-ray image of a region of a
patient’s body captured by an intensified TV camera located
opposite an X-ray source.

ab
e |l

FIGURE 2.28
Digital
subtraction
angiography.

(a) Mask image.
(b) A live image.
(c) Difference
between (a) and
(b). (d) Enhanced
difference image.
(Figures (a) and
(b) courtesy of
The Image
Sciences Institute,
University
Medical Center,
Utrecht, The
Netherlands.)
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Example 2.7: Using image multiplication and division for
shading correction.

An important application of image multiplication (and division)
is shading correction.

Suppose that an imaging sensor produces images that can be
modeled as the product of a “perfect image”, f(,¥), times a
shading function, 2(z,y):

9(z,y) = f(z,y)h(z,y).
If M(z,y) is known, we can obtain f(z,9) by
f(z,y) = g(z,y) [ h(z,y) .

If h(7,y) is not known, but access to the imaging system is possible,

we can obtain an approximation to the shading function by imaging
a target of constant intensity.

Figure 2.29 shows an example of shading correction.

abc

FIGURE 2.29 Shading correction. (a) Shaded SEM image of a tungsten filament and support, magnified
approximately 130 times. (b) The shading pattern. (c) Product of (a) by the reciprocal of (b). (Original image
courtesy of Mr. Michael Shaffer, Department of Geological Sciences, University of Oregon, Eugene.)
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Set and Logical Operations

Basic set operations

Let A be a set composed of ordered pairs of real numbers. If
a = (a1,a5) is an element of A , then we write

a €A (2.6-12)
Similarly, if @ is not an element of A, we write
a g A (2.6-13)

The set with no elements is called the null or empty set and is
denoted by the symbol <.

A set is specified by the contents of two braces: <+ . For
example, an expression of the form

C={w|w=—-d,de D}

means that set C is the set of elements, w, such that w is
formed by multiplying each of the elements of set D by —1.

If every element of a set A is also an element of a set B, then
A is said to be a subset of B, denoted as

ACB (2.6-14)
The union of two sets A and B, denoted by
C=AUB (2.6-15)

is the set of elements belonging to either A, B, or both.
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Similarly, the intersection of two sets A and B, denoted by
D=ANB (2.6-16)
is the set of elements belonging to both A and 5.

Two sets A and B are said to be disjoint or mutually exclusive
if they have no common elements

ANB =9 (2.6-17)

The set universe, U , is the set of all elements in a given
application.

The complement of a set A is the set of elements that are not in A :
A ={w|w¢g A} (2.6-18)

The difference of two sets A and B, A — B, is defined as
A-B={wlweAw¢g B}=ANB"  (2.6-19)

As an example, we would define A in terms of U and the set
difference operation:

A =U-A4A
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Figure 2.31 illustrates the preceding concepts.

abc
de

" FIGURE 2.31
(a) Two sets of
“ coordinates, A and B,
in 2-D space. (b) The
AUR ANB union of A and B.
B (c) The intersection
of A and B. (d) The
complement of A.
(e) The difference
between A and B. In
(b)—(e) the shaded
areas represent the
member of the set
operation indicated.

AC

Example 2.8: Set operations involving image intensities.

Let the elements of a gray-scale image be represented by a set
A whose elements are triplets of the form (7,%,2) , where z and
y are special coordinates and z denoted intensity.

We can define the complement of A as the set
A ={(z,y,K — 2) | (z,y,2) € A} |

which denotes the set of pixels of A whose intensities have been

subtracted from a constant K . The constant K is equal to 2° — 1,
where k is the number of intensity bits used to represent z .
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Let A denote the 8-bit gray-scale image in Figure 2.32 (a).

To form the negative of A using set operations, we can form
A, = A° ={(z,y,255 — 2) | (z,y,2) € A}

This image is shown in Figure 2.32 (b).

The union of two gray-scale set A and B may be defined as the
set

AUB = {m?x(a,b) la € Ab € B}

For example, assume A represents the image in Figure 2.32 (a),
and let B denote an array of the same size as 4, but in which
all values of z are equal to 3 times the mean intensity, m , of
the elements of A . Figure 2.32 (c) shows the result.

abc

FIGURE 2.32 Set
operations
involving gray-
scale images.

(a) Original
image. (b) Image
negative obtained
using set
complementation.
(c) The union of
(a) and a constant
image.

(Original image
courtesy of G.E.
Medical Systems.)
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Logical operations

When dealing with binary images, it is common practice to refer
to union, intersection, and complement as the OR, AND, and
NOT logical operations.

Figure 2.33 illustrates some logical operations.

- FIGURE 2.33
- INustration of
logical operations
(A) AND (B) il‘lVO]Vi]‘lg

| foreground
- =0 N I (white) pixels.
s B Black represents
binary Os and
— white binary 1s.
OR The dashed lines
= are shown for
(A) AND [NOT (B)]
(A) XOR (B)
XOR

reference only.

They are not part
of the result.

The fourth row of Figure 2.33 shows the result of operation that

the set of foreground pixels belonging to A but not to B, which

is the definition of set difference in

A-B={w|weAw¢g B} =AnNB° (2.6-19)

AND-
NOT

=

The last row shows the XOR (exclusive OR) operation, which is
the set of foreground pixels belonging to A or B, but not both.

The three operators, OR, AND, and NOT, are functionally complete.



