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Let G be a connected graph and u, v and w vertices of G. Then w is said to strongly
resolve u and v, if there is either a shortest u-w path that contains v or a shortest v-w
path that contains u. A set W of vertices of G is a strong resolving set if every pair of
vertices of G is strongly resolved by some vertex of W. A smallest strong resolving set of
a graph is called a strong basis and its cardinality, denoted S,(G), the strong dimension of
G. The threshold strong dimension of a graph G, denoted 74(G), is the smallest strong
dimension among all graphs having G as spanning subgraph. A graph whose strong
dimension equals its threshold strong dimension is called Ss-irreducible. In this paper
we establish a geometric characterization for the threshold strong dimension of a graph
G that is expressed in terms of the smallest number of paths (each of sufficiently large
order) whose strong product admits a certain type of embedding of G. We demonstrate
that the threshold strong dimension of a graph is not equal to the previously studied
threshold dimension of a graph. Graphs with strong dimension 1 and 2 are necessarily
Bs-irreducible. It is well-known that the only graphs with strong dimension 1 are the
paths. We completely describe graphs with strong dimension 2 in terms of the strong
resolving graphs introduced by Oellermann and Peters-Fransen. We obtain sharp upper
bounds for the threshold strong dimension of general graphs and determine exact values
for this invariant for certain subclasses of trees.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

Motivated by a problem in network security, Slater [10] initiated the study of the metric dimension of a graph. Let
u, v, and w be vertices of a connected graph G. Then w is said to resolve u and v, if the distance dg(u, w) from u to
w does not equal the distance dg(v, w) from v to w. If G is clear from context we will write d(x, y) instead of dg(x, y).
A set W of vertices of G resolves G if every pair of vertices in G is resolved by some vertex of W. A smallest resolving
set of a graph is called a metric basis and its cardinality the metric dimension of G, denoted by B(G). Thus, if W is a
resolving set for a graph G, then the location of an intruder in a network can be uniquely determined if distance detecting

devices are placed at each of the vertices in W. If wq, wo, ..

., wy is an ordering of the vertices of W, the set of vectors
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{(d(v, wq), d(v, wa), ...,d(v, wy)) : v € V(G)} are called the distance vectors of G relative to the given ordering of the
vertices of W.

Sebo and Tannier [9] observed that there are non-isomorphic graphs G; and G, on the same vertex set that share a
common metric basis, say W, and that have the same distance vectors relative to some ordering of the vertices of W.
This motivated the introduction of a stronger version of the metric dimension of a graph for which a corresponding basis
uniquely determines all adjacencies of the graph. A vertex w is said to strongly resolve two vertices u and v of a graph
G if there is either a shortest u-w path that contains v or a shortest v-w path that contains u or, equivalently, either
the interval between u and w contains v or the interval between v and w contains u, where the interval between two
vertices is the collection of all vertices that lie on some shortest path between these vertices. If every pair of vertices of
G is strongly resolved by a vertex in some set W of vertices of G, then W is a strong resolving set for G. A smallest strong
resolving set is called a strong basis and its cardinality the strong dimension of G, denoted by S5(G). Thus a strong resolving
set of a graph is certainly also a resolving set.

It is natural to ask if the number of detecting devices that are required to uniquely determine the location of an intruder
in a network could be reduced if additional links between some pairs of nodes are added. Or equivalently one may ask
by how much the dimension of a graph can be reduced by adding edges. The question of how the metric dimension of a
graph relates to that of its subgraphs had previously been posed, for example, in [1] and [3]. Mol, Murphy and Oellermann
in [7] introduced the problem of determining the smallest metric dimension among all graphs having a given graph G
as spanning subgraph. This minimum is called the threshold dimension of G and is denoted by 7(G). Let ¢(G) denote that
family of graphs having G as spanning subgraph. If H € ¢(G) is such that S(H) = t(G), then H is called a threshold graph
of G. Graphs whose metric dimension cannot be lowered by adding edges will be referred to as B-irreducible. So G is
B-irreducible if and only if 8(G) = t(G). Graphs that are not B-irreducible are called g-reducible. The seminal work on
B-irreducible graphs appears in [6]. In this paper we introduce and study the analogue of the threshold dimension for
the strong dimension of a graph.

Definition 1.1. The threshold strong dimension of a graph G, denoted by 7,(G), is defined as the smallest strong dimension
among all graphs having G as spanning subgraph. A graph H € U(G) such that Bs(H) = 75(G) is called a strong dimension
threshold graph. A graph G is Ss-irreducible if Bs(G) = 75(G) and is Ss-reducible otherwise.

In Section 2 we introduce some known results and useful tools. In Section 3 we establish a geometric interpretation
for the threshold strong dimension of a graph in terms of certain types of embeddings in strong products of graphs and
we show that there are graphs G for which t4(G) # ©(G). Graphs with strong dimension 2 are Ss-irreducible. We study
their structure in Section 4. Bounds for 75(G) for general graphs are obtained in Section 5. We conclude by finding the
threshold strong dimension for some special classes of graphs in Section 6.

2. Preliminaries
2.1. The strong resolving graph: a tool for finding the strong dimension

In [8] it was shown that the problem of finding the strong dimension of a connected graph can be transformed to a
vertex covering problem. We begin by describing this transformation. Let u and v be vertices of a connected graph G.
The vertex v is said to be maximally distant from u, denoted v MD u, if every neighbour of v is no further from u than
v, i.e,, d(u, x) < d(u, v) for all x € N(v). If u MD v and v MD u, then we say u and v are mutually maximally distant and
denote this by u MMD v. The strong resolving graph Gsg of G has as its vertex set V(G) and two vertices u, v of Ggg are
adjacent if and only if u MMD v. For any graph H, let «(H) denote the vertex covering number of the graph H, i.e., the
cardinality of a smallest set S of vertices of H such that every edge is incident with a vertex of S. The following reduction
of the strong dimension problem to the vertex covering problem was given in [8].

Theorem 2.1 ([8]). If G is a connected graph, then Bs(G) = o(Gs).
2.2. The threshold dimension of a graph

For a connected graph G, let diam(G) denote the diameter of G, i.e., the maximum distance between a pair of vertices
of G.
If Gy, Gy, ..., Gy are graphs, then their strong product is the graph

k
G@sznmck:@@,
i=

with vertex set {(x1,X2,...,%): X € V(G;)}, and for which two distinct vertices x = (x1,X3,...,%) and y =
(¥1, Y2, ..., yk) are adjacent if and only if for every 1 < i < k, either x;y; € E(G;) or x; = y;. The distance between x

2



N. Benakli, N.H. Bong, S. Dueck et al. Discrete Mathematics 344 (2021) 112402

and y in Gy X G, W - - - R Gy is given by max{dg,(x;, ¥;): 1 <i < k}. For a graph G, we let G®* denote the strong product of
k copies of G, i.e.,

k
Gk = & G.
1=

Let G and H be graphs. A map ¢ : V(G) — V(H) is called an embedding of G in H if it is injective and preserves the
edge relation (i.e., if xy € E(G), then ¢(x)p(y) € E(H)).

If G is a subgraph of H, then we say that G is an isometric subgraph of H if d¢(u, v) = dy(u, v) for all vertices u, v € V(G).

Recall that 2/(G) denotes the set of all graphs that have G as spanning subgraph. For a graph G and a subset W C V(G),
we let G[W] denote the subgraph of G induced by W. For an embedding ¢ of G in H, we let ¢(G) = H[p(V(G))], i.e., ¢(G)
is the subgraph of H induced by the range of ¢. Thus, the graph ¢(G) is isomorphic to the graph G’ € u(G) with vertex
set V(G') = V(G) and edge set E(G') = {xy: ¢(x)o(y) € E(¢(G))}.

We next describe the geometric interpretation of the threshold dimension of a graph developed in [7]. To do this, we
let V(P,) = {0, ..., n — 1}. Thus, the vertices of P,?’k are k-tuples over the set {0, ..., n — 1}. With this choice of notation
for the vertex set of P,, distances in P,?*k can easily be computed.

Fact 2.2. Ifx=(xi,...,x)andy = (y1,...,yx) are in V (P¥¥), then
d(x,y) = max{|x; —yil: 1 <i <k}
In particular, if x and y are distinct, then they are adjacent if and only if |x; — yi| < 1 forevery 1 <i < k.

The choice of the vertex labels in V(P,) is important since they correspond to distances, and thus the labels of
the vertices of P will correspond to vectors of distances. Let G be a connected graph with resolving set W =
{w1, wo, ..., w}. Then every vertex x € V(G) is uniquely determined by its vector of distances to vertices in W, given
by (dc(x, w1), dg(x, wa), ..., dc(x, wy)). It was shown in [7] that the map which takes every vertex x to this vector of
distances to W is an embedding of G in P®¥ for some path P.

It was also shown in [7] that if W = {wi, wy, ..., wy} is a resolving set for some graph in ¢/(G), then there is an

embedding ¢ of G in P®K for some path P, such that for every vertex x € V(G), the label of ¢(x) is exactly the vector of
distances in ¢(G) from ¢(x) to the vertices of (W ). More formally these embeddings are defined as follows:

Definition 2.3. Let G be a graph, let W = {w, wa, ..., wy} be a subset of V(G), and let P be a path. A W-resolved
embedding of G in P®* is an embedding ¢ of G in P®¥ such that for every x € V(G), we have

9(x) = (dyc)(@(x), p(w1)), . .., dyic)(9(x), p(wi))) ,
i.e, for every 1 <i <k, the ith coordinate of ¢(x) is exactly the distance between ¢(w;) and ¢(x) in ¢(G).
The geometric interpretation of the threshold dimension of a graph given in [7] is summarized in the following two
results.
Theorem 2.4 ([7]). Let G be a connected graph of diameter D, and let W = {wq, wy, ..., wx} € V(G). Then W is a resolving
set for some graph H € U(G) if and only if there is a W-resolved embedding of G in P,;Efl.
The following consequence of this theorem gives a geometric interpretation for the threshold dimension.

Corollary 2.5 ([7]). Let G be a connected graph of diameter D. Then ©(G) is the minimum cardinality of a set W C V(G) such
that there is a W-resolved embedding of G in P?;“{Vl.

3. A geometric interpretation for the threshold strong dimension

As described in Section 2, a characterization for the threshold dimension of a graph with a geometric flavour was
established in [7]. In this section we establish a characterization for the threshold strong dimension of a graph that has
a geometric flavour and builds on the geometric-type characterization of the threshold dimension given in [7]. We also
demonstrate that the threshold strong dimension of a graph may not equal the threshold dimension.

3.1. A geometric characterization for the threshold strong dimension

We show next that with one additional condition the W-resolved embeddings described in Section 2, give rise to a
geometric interpretation of the threshold strong dimension. We begin with a useful lemma.

Lemma 3.1. Let G be a connected graph with diameter D and let W = {w1, wa, ..., wy} be a set of vertices of G. If ¢(G) is
a W-resolved embedding of G in Pfgr‘] and x € V(G), then

dyc)(@(x), p(w;)) = dpgfl((ﬂ(x), o(w;)).



N. Benakli, N.H. Bong, S. Dueck et al. Discrete Mathematics 344 (2021) 112402

Proof. Since ¢(G) is a W-resolved embedding of G, we know, by definition, that

9(X) = (dy(c)(@(x), @(w1)), .. ., dy(e(@(x), @(wy)))

and, in particular,

By Fact 2.2,
d,,gfl((ﬂ(wj), @(x)) = max{|dy(c)(@(w;), p(x)) — dy)(@(wi), p(w;))l: 1 =i =<k}
> |dy)(p(w;), 9(x)) — dy)(@(w;), p(w;))|
= dyc)(p(wy), p(x)).

Since (G) is a subgraph of Py,

dpzc ((w;), ¢(x)) = dye(9(w)). ¢(x)).

The result now follows. O

Theorem 3.2. Let G be a connected graph of diameter D, and let W = {w1, wo, ..., wi} C VS(G). Then W is a strong resolving
set for some graph H € U(G) if and only if there is a W-resolved embedding ¢(G) of G in PE’H such that ¢(G) is an isometric
subgraph of Pffl.

Proof. Suppose W is a strong resolving set for some graph H € ¢/(G). Since W is a strong resolving set for H, it is also
a resolving set for H. Since the diameter(H) < diameter(G) = D, we know from Theorem 2.4 that there is a W-resolved
embedding ¢(H) of H in P,?f1 such that if v € V(H), then

@(v) = (dy)(@(v), (w1)), dp)(@(V), P(w2)), . . ., dyn)(@(v), P(wi)))
= (dy(v, wq), du(v, wy), ..., du(v, wy)).

By Lemma 3.1 the jth coordinate of ¢(v) is the distance from ¢(v) to ¢(wj) in Pﬁfl. So H, when viewed as a subgraph

of Pﬁfl, preserves the distances between every vertex v of H and every vertex w; € W.
Let a, b be two vertices of V(H) — W. We now show that the distance between a, b in (the embedding of) H equals
the distance between a and b in ngr Since ¢(H) is an embedding of H in pk

D+1°
du(a, b) = dy)(@(a), ¢(b)) = dpgfl(w(a), @(b)).

Since W strongly resolves H, there is some w; € W such that either the interval between a and w; in H contains b
or the interval between b and w; in H contains a. We may assume the former occurs. We have already observed that
dy(wj, a) = dpgﬂ((ﬂ(wj), ®(a)) and dy(wj, b) = dpgf](ﬁﬂ(wj), @(b)). Since

du(a, b) = dn(wj, @) — dy(wj, b)
= dpzi (p(wj), p(a)) — dyzi (@(w)), (b))
D+1 D+1
< dysx (¢(a), ¢(b))
D+1
we see that H, when viewed as a subgraph of PEjl‘l, preserves distances between every pair of vertices a, b € V(H) — W.
So H is an isometric subgraph of ng].

For the converse suppose that there is a W-resolved embedding ¢(G) of G in P2 such that ¢(G) is an isometric

D+1
subgraph of ngr From Theorem 2.4, W is a resolving set. We show that W is in fact, a strong resolving set for ¢(G).

Again, let a, b be two vertices of V(H) — W.
(@) = (dye)(@(@). 9(wn)). - ... dyey((a). p(wi)).
and
9(b) = (dy(c)(@(b), @(w1)), . .., dyc)(@(b), p(wi))) .
Moreover, since ¢(G) is an isometric subgraph of PE;rk] and by Fact 2.2, we have
dyc)(p(a). ¢(b)) = dpzx (¢(a). ¢(b))
= max{ldpgf1(¢(a), e(wj)) — d,)gf](rp(b), pw))l: 1<j<k}
= max{|dyc)(¢(a), p(w;)) — dyc)(¢(b), p(wj))l: 1 <j < k}.

4
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Fig. 1. Example 3.1.

Letie {1,2,...,k} be such that
dyc)(p(a), p(b)) = |dyc)(@(a), p(wi)) — dyc)(@(b), p(w;))|

and assume wlog that

dyc)(@(a), p(w;)) = dyc)(e(b)p(w;)).
Then

dy(c)(¢(a), p(wi)) = dy(c)(¢(a), p(b)) + dy(c)(¢(b), p(wi)).

Thus by taking in ¢(G) a shortest path from ¢(a) to ¢(b) followed by a shortest path from ¢(b) to ¢(w;) we obtain a
shortest ¢(a)-¢(w;) path in ¢(G) that contains ¢(b). Hence {p(w1), ¢(w>), ..., ¢(wy)} is a strong resolving set for ¢(G).
Since H = ¢(G) € U(G), this completes the proof of the converse. O

As a consequence of this theorem we have the following.

Corollary 3.3. Let G be a connected graph of diameter D. Then t4(G) is the minimum cardinality of a set W C V(G) for which
there is a W-resolved embedding ¢(G) of G in Pf;r“]/v‘ that is an isometric subgraph of Pﬁi‘{vl.

3.2, Comparing the threshold strong dimension with the threshold dimension and the strong isometric dimension

In this section we show that the threshold strong dimension does not equal either the threshold dimension or the
strong isometric dimension.

3.2.1. The threshold strong dimension and the threshold dimension are not equal

We show that the threshold strong dimension does not equal the threshold dimension by exhibiting a specific graph
whose threshold dimension is 2, but whose threshold strong dimension exceeds 2.

Let G be a graph with metric dimension 2, metric basis W = {wy, w,} and diameter D. Then G is not a path and hence
7(G) = 2. It follows from Theorem 2.4 and Corollary 2.5 that G has a W-resolved embedding in Pffl. By Theorem 3.2
and Corollary 3.3, W = {wq, w,} is a strong basis of some graph H € ¢(G) if and only if there is a W-resolved isometric
embedding of G in Pp};.
Example 3.1. Let G be the graph shown in black in Fig. 1 as an embedding in P§f1. By Theorem 2.4 the set {w1, wa} is a
metric basis, but not a strong basis, since for example, cs and f; are not strongly resolved by either wq or w.

We now show that there is no H € U(G) such that 8;(H) = 2. We begin by establishing some useful lemmas. For the
first of these, we will assume that the vertices of P§f1 have been labelled as in Theorem 2.4 and that this graph has been
drawn in R? so that its vertices are positioned at the points of R? that correspond to its vertex labels.

Lemma 34. Let G be a connected graph with diameter D, metric dimension 2 and metric basis W = {wq, w,}. Let
a = dg(w1, wy) and let ¢ be the W-resolved embedding described in Theorem 2.4. Then ¢(G) is contained in the subgraph of
Py, bounded by the paths

Q;:(0,a),(1,a+1),...,(D—a,D),
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Q2 :(0,0a),(1,a—1),...,(a,0),

Qs :(a,0),(a+1,1),...,(D,D — a),
Q:(D—a,D),(D—a+1,D),...,(D,D), and
Qs :(D,D—a),(D,D—a+1),...,(D,D)

Proof. First note that if (x, y) is a vertex in ¢(G), then x, y < D. To complete the proof of the lemma we will show that
¢(G) contains no vertices with labels (x, y) where either x+y < a,ory < x — a, or x < y — a. Assume, to the contrary
that, ¢(v) = (x,y) is a vertex of ¢(G), where either

o x+y =dyc)(wi, v)+ dy)(v, wz) < a = dy(wi, wp), or
o ¥ =dyc)(v, w2) < X — a = dy)(v, wi) — dy)(w1, wp), or
o X =dyc)(v, w1) <y — a=dyc)(v, wz) — dycy(w1, wa).

In each case we see that the triangle inequality of the distance metric in graphs is violated, thereby completing the
proof. O

The subgraph of P,?fl bounded by the paths Qq, Qa, ..., Qs of Lemma 3.4 will be referred to as the feasible region. For
a vertex x of a connected graph G and an integer i > 0, let N;j(x, G) or Nj(x), if G is clear from context, be the set of all
vertices distance i from x in G. Let e(x) denote the eccentricity of x, i.e., the distance from x to the furthest vertex from x
in G. For vertices x, y in a connected graph a shortest x-y path will be referred to as an x-y geodesic. Using Lemma 3.4 we
obtain new proofs (with a geometric flavour) for a set of useful properties of graphs with metric dimension 2 that were

established in [11].

Lemma 3.5. Let G be a connected graph of metric dimension 2 and let W = {w1, w,} be a metric basis for G. Then

1. The degree of wj is at most 3 for j =1, 2.

2. There is a unique shortest w1-w, path in G, and every vertex on that path has degree at most 5.

3. The subgraph induced by N;(wj) is a union of paths and |Nj(wj;)| < 2i+ 1 for 0 <i < e(wj).

4. For any v € N;(wj), v is adjacent to at most three vertices in Ni.1(w;), for 0 < i < e(w;)— 1. Similarly, there are at most
three vertices in N;_1(v;) adjacent to v for 1 <i < e(w;).

Proof. Let G and W be as stated and let ¢ be a W-resolved embedding of G into Pﬁfp where D = diam(G). Let ¢ be
the W-resolved embedding of G described in Lemma 3.4. Then the coordinates of ¢(w;) and ¢(w,) are (0, a) and (a, 0),
respectively, where a = dy(c)(¢(w1), (w2)) = dg(w1, wy). Property 1 now follows immediately from the fact that in P2,
the vertex ¢(w1) = (0, a) is adjacent to exactly three vertices in the feasible region, namely (1, a+ 1), (1, a), and (1, a—1).
A similar analysis holds for ¢(w,) = (a, 0). To see that there is a unique wi-w, geodesic in G, we need only note that the

path
(0,a),(1,a—1),2,a—2),...,(a,0)

is the unique p(w1)-¢(w-,) geodesic in ¢(G): Indeed, because ¢ is W-resolving, the vertices in this path must be the images
of vertices which induce a w{-w, geodesic in G. Furthermore, for each v on this path, exactly five of its neighbours in

ngl, are in the feasible region. This establishes Property 2. Since the vertices of ¢(Ni(w1)) are distance k from ¢(wq) in

P§f1 they form, by Lemma 3.4 a subset of {(k, a — k), (k,a—k+ 1), ..., (k, a+ k)}. A similar situation holds for w,. Since
{(k,a—k),(k,a—k+1),...,(k,a+ k)} induces a path in Pﬁfl, Property 3 follows. Lastly, note that a vertex v = (x, y)

in (N;(wj)) for j = 1, 2 has at most three neighbours in ¢(N;_1(wj)), namely (x — 1,y + 1), (x — 1,y),and (x — 1,y — 1),
and at most three neighbours in ¢(Ny+1(wj)), namely (x + 1,y — 1), (x + 1,y), and (x + 1,y + 1), thereby establishing
Property 4. O

If G is a graph with metric dimension 2 and basis W = {wq, w,}, then, by Lemma 3.5 there is a unique w;-w, geodesic
in G to which we will refer as the diagonal. Every vertex of G on this path is called a diagonal vertex, and any other vertex
is referred to as a non-diagonal. We are now prepared to show that when G is the graph of Example 3.1, t5(G) > 2.

Theorem 3.6. Let G be the graph of Example 3.1. Then ©5(G) > 2.

Proof. Assume to the contrary, that there is a H € ¢(G) such that Ss(H) = 2. Let W = {w;, wp}. We claim that
W = {wq, w,} is the unique basis for H. By Lemma 3.5(1) and (3) we know that if H is a graph with metric dimension
2, then the vertices in the basis have degree at most 3 and the subgraphs induced by their neighbourhoods are acyclic.
Hence the only candidates for basis vertices are w; and w;. This proves our claim.

Moreover, by definition of a W-resolved embedding, the distance in H from any vertex v to either w; or w, equals
the distance from v to w or w; in G, respectively. In particular, dy(w1, wy) = dg(w1, w2) = 5. Thus wya;bycidjw; is the
wi-w; diagonal, i.e., the unique wq-w, geodesic in H.
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Fig. 2. The graph G, shown in black with threshold dimension 2 and threshold strong dimension 4.

By Lemma 3.5(2) the degree in H of each interior vertex on this diagonal is at most 5. Hence the neighbourhood of
each of the vertices ay, by, ¢, d1 in H is the same as the respective neighbourhood in G. Thus, in a W-resolved embedding
of H in P;m the diagonal vertices of H appear in exactly the positions shown in Fig. 1. Moreover, the neighbours of these
vertices in H are precisely the same as their neighbours in G, by Lemma 3.5(1) and (2). Moreover, by Lemma 3.4, we
see that in the W-resolved embedding of H in P;m these neighbours of the diagonal vertices necessarily appear in the
positions shown in Fig. 1. The positions of the remaining vertices of H in the W-resolved embedding of H in P;m are now
forced to coincide with their positions shown in Fig. 1. Hence H necessarily has the same edges as G. However, then W
does not strongly resolve H, a contradiction. O

Indeed we believe that the difference t(G) — 7(G) can be arbitrarily large. To this end let G; be the graph shown in
Fig. 1. Let G, be the graph obtained from two copies G} and G% of the graph G; by identifying the vertices corresponding
to w, and f; in G} with the vertices w; and as, respectively in G% and adding the edge between the vertex f, in G} and
the vertex by from Gf, as well as the edge between the vertex e; in G} and the vertex a, in G%. The graph G, is shown
in Fig. 2. In general for n > 2, let G, be the graph obtained from n copies G}, G%, ..., G} of Gy by identifying for each
1 < i < n the vertices labelled w, and f; in Gil with the vertices labelled w; and a3 in G’;“ and then adding the edge
between the vertex f, in Gﬁ and the vertex b, in G"1+1, as well as adding the edge between the vertex ey in Gi1 and the
vertex a, in Gﬁ“. It is readily seen that 7(G,) = 2. Using an exhaustive computer search it was shown that 7;(G,) = 4.
We conjecture the following:

Conjecture 3.7. For every positive integer k, there is a positive integers n such that

75(Gn) = T(Gy) + k.

3.2.2. The threshold strong dimension and the strong isometric dimension

We showed in Corollary 3.3 that, for a connected graph G, 74(G) is the smallest cardinality of a set W C V(G) for
which there is a W-resolved embedding ¢(G) of G in P*W!, for P a path of sufficiently large order, such that ¢(G) is an
isometric subgraph of P®!"WI, It is natural to ask if the threshold strong dimension of a graph G has a relationship with the
strong isometric dimension of G, denoted by sdim(G), and defined as the smallest integer n such that there is an isometric
embedding of G in P®-" for some path P. Some results pertaining to the strong isometric dimension have been summarized,
for example, in [2]. In particular, Theorem 15.4 in [2], states that sdim(K,,) = [log,(n)]. However, Si(K,) = n— 1 = 74(Ky).
On the other hand Theorem 15.4 in [2] states that sdim(C,) = [n/2] whereas 7;(C,) = 2 as illustrated by the {wq, wy}-
resolved embedding of C, in P?,;il] shown in Fig. 3. Thus sdim(G) and t4(G) are distinct parameters. In fact, there is no

general order relationship between sdim(G) and ©5(G).
4. Graphs with vertex covering number 2 that are realizable as strong resolving graphs

In this section we provide a solution to an open problem posed in [4] that is inspired by the embedding result,
Theorem 3.2, of Section 3. It is well-known that a graph has strong dimension 1 if and only if it is a path. Thus paths are
Bs-irreducible graphs of strong dimension 1 and these are the only such graphs. Thus all graphs with strong dimension 2
are also Bs-irreducible. In this section we completely describe the strong resolving graphs for graphs of strong dimension
2. In [4] the authors posed the problem of determining which graphs can be realized as strong resolving graphs of some

7
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Fig. 3. A {w;, wy}-resolved embedding ¢(C,) in P?,‘é,1 that is an isometric subgraph of P

®,2

ey where the dashed edges represent the edges we add
=

to C, to obtain the embedding ¢(C,).

O O
O O
O
N ko
m: / \ T n
Kl,m Kl,n

Fig. 4. Type 1 resolving graph.

graph. They conjectured that the complete bipartite graphs K;, where s,r > 2 are not realizable as strong resolving
graphs. Their conjecture was settled in [5]. We show next that if a graph has strong dimension 2, then its strong resolving
graph does not contain K> ; as subgraph.

Lemma 4.1. Let G be a graph such that «(Gsg) = 2 and let wq and w, be a vertex cover of Gsg. Then wy and w, have at most
one common neighbour in Ggp.

Proof. Suppose w; and w, have two common neighbours in Gg, say vertices u and v. Since {w4, w-} is a strong resolving
set for G, one of wy and w, strongly resolves u and v, say wy. So, either u lies on a shortest w; — v path or v lies on a
shortest wy — u path. We may assume the former. Then u has a neighbour on a shortest w; — v path that contains u, that
is further from w1 then u. This implies that u is not maximally distant from w; and hence u and w; are not MMD in Gg.
This is contrary to the assumption that wiu € E(Gsg). O

Remark 4.2. We note that Lemma 4.1 establishes that if a graph G has strong dimension 2, then its strong resolving
graph does not contain K> ; as a subgraph.

Let {w1, w,} be a vertex cover of the strong resolving graph of a graph with strong dimension 2. From the above lemma,
we see that the only possible candidates for graphs with vertex covering number 2 that can be realized as the strong
resolving graph of some graphs G fall into one of four categories. We describe these below and in each case construct
a graph that has the given graph as its strong resolving graph. In order to describe these constructions, we will use
subgraphs of strong products of paths. To this end we assume that the vertices of a path Py of order k have been labelled
0,1,...,k—1 and whenever considering the strong product P, X P; we will assume that it has been indrawn in the plane
so that a vertex (x, y) of this strong product is positioned at the point (x, y) in the plane.

Type 1: Gg is the disjoint union of two stars, Ky.m, U K; 5, where 1 < m < n. See Fig. 4.
o Case 1: m and n have the same parity. In this case let H =P, 5m XP,,. Let G be the subgraph of H induced
by the vertices on the boundary and in the interior of the region bounded by the following paths:

Q; :(0,n),(1,n—1),...,(n,0)
n—m n—m
Qz:(O,n),(l,n—i—l),...,(T—i—l,n—i-T—i-l)

8
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Fig. 5. A graph with strong resolving graph K; ¢ U Kj 6.

0-0—0_-0-0
/ N
) [ ]

Fig. 6. A graph with strong resolving graph K; s UKj .

Qs : n—m+ln+n—m+1 n—m+2n+n—m+l n—+m n+n—m+1
. ) s 2 s 2 B 2 P B 2

2
n4+m n—m n+4+m n—m
| ——,n 1), I,n+—),...,(n+1,n
o (T ) (s S e

Qs :(n+1,n),(n+1,n—-1),...,(n+1,1)
Qs :(n+1,1),(n,0)

Then the graph G has the property that Gsg = Ki,;n U Ky, Fig. 5 illustrates the construction with m =n = 6.
e Case 2: m and n have opposite parity and 1 <m <n.LetH =P, n=m-1 X Pny1. We now describe a graph G
as an induced subgraph of H using the following paths.

Q;:0,n),(1,n—1),...,(n,0)

in(O»n),(l,nle),...,("_'”Jrl 3"—m+1>

2 ’ 2

QB.(n—m—i—l 3n—m+1> (n—m+3 3n—m+1> <n+m—1 3n—m+1>

2 2 2 2 2 2
n+m—1 3n—m+1 n+m-—1 3In—m-—1
: ) , 1, s, (nn
Q“( 2 2 )( 2 2 ) (n,m)

Qs :(n,n),(n,n—1),...,(n,0)

Let G be the subgraph of H induced by the vertices on the boundary and in the interior of the region bounded
by these paths Qy, ..., Qs. Then Gsg = K, U Ky . Fig. 6 illustrates the construction for m =5 and n = 6.

Type 2: Ggg is Ky.;m UKy + wyw, for (1 < m < n), where w, and w, are the centres of the stars K; ,; and K; . See Fig. 7.
If m and n have the same parity, then let G be obtained from the graph described in Case 1 of Type 1 by adding
a leaf adjacent to each of the vertices (0, n) and (n, 0). These two new leaves then become w; and w,. If m and
n have opposite parity, then let G be obtained from the graph described in Case 2 of Type 1 by adding a leaf
adjacent to (0, n). Then Gsg = (K1m U Ky.n + wiw,) where wy and w, are the centres of the two stars in the
union.

Type 3: Gsg is K1,m U K1, + {vwy, vw,} for (1 < m < n), where w; and w, are the centres of the two stars and v is a
new vertex. See Fig. 8.
If m and n have the same parity we take the graph described in Case 1 for Type 1 and add the vertex

(mme2 3n-mt2) and join it to each of (4™, 3N=ME2) (M2 3n-m) gpg (25m 3-m) 1 m and n have opposite

9
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oo\ /Oo

o o

Oko O%O

m: /w1 w2\ in
'S o

Fig. 7. Type 2 strong resolving graph.

Oi\ /;o

O O

o o) o= o

m: /wl v ’LUZ\ in
o o

Fig. 8. Type 3 strong resolving graph.

Fig. 9. Type 4 strong resolving graph.

parity, then we take the graph constructed in Case 2 for Type 1 and add the vertex ("*’;7“, 3”’27’"“) and join it
to (n+m71 3n—m+1) (n+m+l 3n—m—1 ) and
T2 ) 2 0 2

(mm=t 3n=m=1) In either case let G be the resulting graph. Then Gsg = (Ki;m UKy, + vws, vws) for (1 <m < n),
where w; and w, are the centres of the two stars K; ,, and K; , and v is a new vertex.

Type 4: Gsg is Ki,;m U Ky n + {vw1, vw,, wyw,} for (1 < m < n), where w; and w, are the centres of the two stars and v
is a new vertex. See Fig. 9.
In this case we take the graph described in Case 1 or Case 2 of Type 3 above and add a leaf to the vertices (0, n)
and (n, 0). In either case let G be the resulting graph. Then Gsg = (Ky,m UK 5 +vw1, vw,, wiwy) for (1 <m < n),

where w; and w, are the centres of the two stars and v is a new vertex.

The following theorem summarizes the above discussion.

Theorem 4.3. The only possible candidates for graphs with vertex covering number 2 that can be realized as the strong resolving
graph of some graph G are:

e The disjoint union of two stars, Ky m U Ky 5, where 1 <m <n.

e Kim UKy + wiwy for (1 < m < n), where wy and w, are the centres of the stars Ky, and K p.

o Kim UKy n + {vwy, vwy} for (1 <m < n), where wy and w, are the centres of the two stars and v is a new vertex.

o KimUKyp 4+ {vwy, vwy, wyw,} for (1 < m < n), where wy and w, are the centres of the two stars and v is a new
vertex.

5. Bounds

It appears to be a difficult problem to determine the threshold strong dimension of a graph. In this section we establish
bounds for this invariant for graphs in general and for trees. Let (S) denote the power set of a set S. The complete graph
with vertex set V is denoted by Ky. If |V| = n then Ky is isomorphic to the complete graph on n vertices, which is denoted
by K. The complete £-partite graph with partite sets Vy, V,, ..., V, is denoted by Ky, v,,...v,. If G is a complete graph of
order n, then 74(G) = Bs(G) = n — 1. The next result gives an upper bound for t,(G) when G is not complete.

Theorem 5.1. Let G be a non-complete graph with x(G) = k and let V1, Vs, ..., V) be the colour classes in a proper k-colouring
of G, where V1| < [Va| < -+ < |Vl
1. If thereis an £ > 1 such thalf lVil=1for1 <i<{and|V;| > 1for € <i <k, then ts(G) <£L—1+ ZL@HHng [Vill.
2. If |V1] = 2, then ©4(G) < >_,_,[log, |Vi[].

10
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Proof. 1. We add edges to G to form a supergraph H for which s(H) < £ — 1+ Z:{:/H—l [log, |V;|1. We start by adding
all additional edges between the distinct pairs of colour classes necessary to form the complete k-partite supergraph
Ky, v,....v, of G. This graph has diameter 2, so for vertices u and v, uMMDuw if and only if u and v are universal vertices
or u and v are nonadjacent. Each colour class V; is an independent set. For eachi € {¢ + 1,£ + 2, ..., k} choose a subset
W; C V; such that |W;| = [log, |Vi|]. Then |P(W;)| > |Vi|. For eachi € {¢ + 1,...,k}, assign to each v € V; — W; a
member of P(W;) — {W;} such that every two vertices in V; — W; are assigned distinct subsets of W;. This is possible since
[P(W;)) — (Wi} > Vil =1 > |V; — Wj|. Add edges to Ky, v, .. v, o that the set assigned to each vertex v of V; — W; is
the W;-neighbourhood of v in the resulting graph. So every pair of vertices in V; — W; have distinct W;-neighbourhoods.
Finally, H is obtained by adding edges between vertices of V; — W; so that they form a clique in H.

Now we construct the strong resolving graph Hsg of H. The ¢ vertices of V; UV, U ... UV, are all universal vertices
and hence are pairwise MMD. Also, for each i € {¢£ 4+ 1, ..., k}, the vertices of W; are pairwise MMD, and each vertex
v € V; — W; is MMD with any vertex in W; — Ny, (v). There are no other MMD pairs of vertices in H. Hence, the strong
resolving graph Hgz of H contains the clique Ky,uv,u..uv, (= K¢) and the clique Ky, for each i where £ +1 < i < k.
Apart from the edges in these cliques, Hsg may contain some edges joining vertices in W; with vertices in V; — W;
for{ +1 < i < kLltW = ViUV,U---UV,_1)UWp1 UWpp U---UW,). Then W is a minimum vertex
covering of Heg, and so Bs(H) = W| =€ — 1+ ZLZH [log, |V;|1. Since G is a spanning subgraph of H, it follows that
%(G) < L= 1+ Y, Mlog, [Vill.

2. The proof of this case is similar to the proof of part 1. We construct a supergraph H of G using the same process as in
the proof of case 1, assigning a unique W;-neighbourhood to each vertex of V; — W;, where W; C V; with |W;| = [log, |Vi|].
Then W; induces a clique in the strong resolving graph Hgg, for 1 < i < k. In addition, Hsy may contain edges joining
vertices of W; with vertices in V; — W;. Hence W = W; U W, U --- U W, is a minimum vertex covering of Hsz, and so
Bs(H) = |W| = Zf‘:] [log, |V;|1. Since G is a spanning subgraph of H, it follows that 7;(G) < Zf‘:l [log, |Vi|]]. O

We now present an improved bound for trees.
Theorem 5.2. If T is a tree with n > 2 vertices, then t(T) < [log, n].

Proof. Suppose a tree T = (V, E) has n vertices and ¢ leaves. If £ < [log, n], then Tsg = K, which has vertex covering
number £ — 1. In this case Bs(T) = £—1 < [log, n]. It follows that 4(T) < [log, n], as claimed. Suppose that T has at least
[log, n] leaves. We add edges to T to construct a supergraph H for which B;(H) = [log, n]. Let W be a set of [log, n] leaves
of T. Then |P(W)| > n. Now assign to each vertex v € V—W a subset of vertices from W that will be its W-neighbourhood
in H. We do this in such a way that every two vertices of V — W are assigned distinct W-neighbourhoods in H. Let V’
denote the set of vertices in V — W whose W-neighbourhoods in T are nonempty. If the W-neighbourhood of v in T is
nonempty, then v is adjacent to a set of leaves of T that belong to W and no other vertex of V — W has the same leaf
neighbours in T. In this case the assigned W-neighbourhood of v in H remains same as its W-neighbourhood in T. We now
remove these assigned neighbourhoods from P(W). Let P’ be the subset of P(W) that remains. To each of the remaining
vertices in (V — W) —V’ we assign a unique member of P’ in such a way that no two vertices of (V —W)— V" are assigned
the same element of P’. For each v € V — W, the vertices of the assigned member of P(W) becomes its W-neighbourhood
in H. We ensure that exactly one vertex of V — W, say u, is assigned the whole set W as its W-neighbourhood. Observe
that this is possible since |P(W)| > n > |V — W/|. Finally, we obtain H by adding edges between the vertices of V — W
so that they form a clique. Since the resulting graph H has the universal vertex u € V — W, H has diameter 2, and so the
MMD pairs of vertices of H are the nonadjacent pairs of vertices. Since W is an independent set, the vertices of W are
pairwise MMD, and each vertex v € V — W is MMD with each vertex in V — Ny (v). There are no other pairs of MMD
vertices in H. The vertices of W form a clique in the strong resolving graph Hsg of H. All other edges of Hsg join vertices
of W with vertices in V — W. Thus W is a minimum vertex covering of Hsg, and so Ss(H) = |W| = [log, n]. Since T is a
spanning subgraph of H, it follows that ty(T) < [log, n]. O

6. The threshold strong dimension of trees

In this section we show that for trees with strong dimension 3 or 4, the threshold strong dimension is 2. To see that
this does not extend to trees of higher strong dimension, we note that it was observed in [7] that K; ¢ does not have
threshold dimension 2. Since Bs(K7,6) = 5 and 7(Kj6) < 7s(K;6), we see that the threshold strong dimension of trees with
strong dimension 5 need not be 2. We also observe that there are trees of arbitrarily large dimension that have threshold
strong dimension 2. We use the following known results from [9].

Theorem 6.1 ([9]). Let T be a tree. Then Bs(T) = ¢ — 1 if and only if T has ¢ leaves.

To prove that the threshold strong dimension, for a tree T with strong dimension 3 or 4, is 2, we describe a

W-resolved embedding of T in Pﬁfl where W is a set of two vertices of T and D is the diameter of T. By observing
that these embeddings are isometric subgraphs of P?f] the result follows from Theorem 3.2. In order to describe these
embeddings, we define two useful notions. We assume, as before that the vertices of the path Pp,; have been labelled

0,1,...,Dsuch thatiand i+ 1 are adjacent for 0 <i < D.

11
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NE

NW

SW NE

SE

SW

(a) (b)

Fig. 10. Illustrations of Definition 6.2(1)

NE
NW

SW NE

o (z,y)

(a) (b)

Fig. 11. Illustrations of Definition 6.2(2)

Definition 6.2.

1 e A northwest-southeast (abbreviated NW-SE) diagonal of PEfl is the subpath induced by {(x,y) : x +y = k} for
some integer 0 < k < D, i.e,, it is the unique (0, k)-(k, 0) geodesic for some integer 0 < k < D (see Fig. 10(a)).

e A southwest-northeast (abbreviated SW-NE) diagonal of P§f1 is the subpath induced by {(x,y) : x —y = k} or
{(x,y) : x —y = —k} for some integer 0 < k < D, i.e,, it is the unique geodesic passing either through (k, 0) and
(D, D — k) or through (0, k) and (D — k, D), respectively for some integer 0 < k < D (see Fig. 10(b)).

2 e If (x,y) is a vertex on a NW-SE diagonal Q, then the vertices (a, b) of Q satisfying a < x will be referred to as the
vertices of Q that lie NW of (x, y) while those vertices (a, b) on Q satisfying a > x will be referred to as the vertices
of Q that lie SE of (x, y) (see Fig. 11(a)).

e If (x, y) is a vertex on a SW-NE diagonal Q, then the vertices (a, b) of Q satisfying b < y will be referred to as the
vertices of Q that lie SW of (x, y) while those vertices (a, b) of Q satisfying b > y will be referred to as the vertices
of Q that lie NE of (x, y) (see Fig. 11(b)).

Note that for every vertex in Pﬁf], there is a unique NW-SE diagonal and a unique SW-NE diagonal that passes through

it. In the sequel, when illustrating an embedding ¢(T) of a given tree T in Pffl, the solid black edges correspond to the
edges of T while the dashed black edges are the edges that are added to T to obtain the embedding. When illustrating an
embedding of a tree T of diameter D, as described in the proofs of our theorems, we may occasionally embed T in P%-2
where m < D + 1 provided PE*Z admits the described embedding.

Theorem 6.3. If T is a tree with B4(T) = 3, then w5(T) = 2.

Proof. Let T be a tree with strong dimension 3. Then, by Theorem 6.1, T has exactly four leaves as shown in Fig. 12 where
possibly k; = 1. Let V(T) = {vq, va, ..., Ukys U, Upy - oo, Upy, X1, X5 -2, Xikgo Y1, Y25+ -+ 5 Vig» 215 22, - - - 5 Zkg ) Where k; > 1 for
i=1,2,3,4,5and let E(T) = {vjviz1 : 1 <i<ki — 1} U{utti1 : 1 <i<ky — 1} U {Xixjrq : 1 <i < ks — 1} U {yiyiy1 :
1<i<ks—1}U{zizipq : 1 <0 < ks — 1} U {v1y1, viz1, vy U1, Uk X1}, See Fig. 12,

We may assume without loss of generality that k, > ks and k4 > ks. Let k = f’%—“} +k, +ks— 1. Let D be the diameter
of T. To describe an embedding of T in P§f1 assume the vertices of Pp1 have been labelled 0, 1, ..., D. We consider two

cases based on the parity of k;.

Case 1: k; is odd. In this case we place the vertices yi,, Yi,~1, - - -, Y1, V1, U3, . . ., Uk;—2, Uky» U1, U2, ..., Uk, if k1 > 3 (or
Yig» Yig=1s - - -» Y1, U1, Ug, Up, ..., U, if ky = 1) in this order along the NW-SE diagonal through (0, k) and (k, 0) starting
at (0, k). The remaining vertices are placed along the NW-SE diagonal through (0, k + 1) and (k + 1, 0) by placing z,
in position (k4 — ks + 1, k — (ks — ks)) followed by the remaining vertices zy,_1, ..., Z1, V2, V4, . . ., Uky—1, X1, X2, + - . , Xk

12
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Zks 22 Z Ty T2 Ty
[ ) .—.\ /.—. [ )
o—o———©O
S v UEN
o——O0—0—0 o—Oo———0———©0
Yky Yks Y2 Y1 up Uz Uy U,

Fig. 12. A tree with strong dimension 3.

o—o—0—0
Ys Yz Y2 Y1

Z2  Z1 €ry X2
0—0\ /0—0
o—0—0—0©0
S vz v v\
o—0—©O o—©O
Ys Y2 1 up Uz

Fig. 14. Illustrating the embedding of a tree in Pgsz as described in Case 2 of Theorem 6.3.

in that order along this diagonal SE of z, (ending with xy, in position (ks + ks + “5-1, k + 1 — (kq + ks + “1))). This
embedding is illustrated in Fig. 13.
Case 2: k; is even. In this case we place yi,, Yiy—15 - - -» Y1, V1, U3, - -+, Ukj—1» Ukys U1, Up, o .o, Ugy i Ky > 4(OF Yiey, Vig—1, -+ - »
Y1, V1, V2, Uq, Uy, ..., U, if k; = 2) in this order along the NW-SE diagonal through (0, k) and (k, 0) starting at (0, k). The
remaining vertices are again placed along the NW-SE diagonal through (0, k + 1) and (k + 1, 0) by first placing z;, in
position (k4 — ks + 1, k — (k4 — ks)) followed by the remaining vertices zy,_1, ..., Z1, V2, V4, . .., Vk;—2, X1, X2, . . ., Xpg if
ki > 4 (or zy,_1,...,21, X1, X2, ..., Xgy if ky = 2), in that order along this diagonal SE of z,; (ending with x, in position
k12 ky—2 . L o

(ks + ks + ==,k + 1 — (kg + k3 + ~5=))). This embedding is illustrated in Fig. 14.

In either case the subgraph of P?f] induced by the vertices of this embedding is a {yx,, u, }-resolved embedding of T
in P§f1 that is also an isometric subgraph of Pff]. Thus 7(T) =2. O
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@l
1o
Zks Z9 2 Ty T2 Lk
o—---—o—o\ t /o—o—----—o
o—o— —0—  —@
S v Uk, U\
Yky Yks Y2 Y1 up U2 Uk Uk,

Fig. 15. A tree with strong dimension 4.

[ B2

to
Z9 Z21 1 T2
—.\ 11 /.—.

o—O0—©O
/111 Vg 113\

o—0—0© o—O©O
Ys Y2 U1 up Uz

Fig. 16. Illustrating an embedding of a tree in Pgm as described in Theorem 6.4 if k; is odd.

Theorem 6.4. If T is a tree with B4(T) = 4, then w5(T) = 2.

Proof. Let T be a tree with strong dimension 4. Then T has exactly five end-vertices, see Fig. 15. Without loss of
generality, we may assume V(T) = {t1, t2, ..., bk, V1, V2, oo, Ukyy - vy Ukqs Uty Uz, ooy Ukyy X1, X2, ooy Xkgo Y1, Y20 - -+ 5 Vigs
21,22, ...,2ks) where k; > 1fori=1,2,3,4,5,6,7 and k; < kq, and E(T) = {titi1 : 1 < i < ke — 1} U {vjvilq : 1 <
i<k —1JU{uuipq : 1 <i<ky—1}U{xixipq 0 1 <i<ks—1}U{yyi1 : 1 <i<kg—1}U{zizi;p; : 1 <i <
ks — 1} U {v1y1, v1Z1, Uk U1, Uk, X1, Uk, t1). Thus by deleting the path ¢y, t, ..., ty; from T we obtain a tree, call it T’, with
four leaves that appears like the tree shown in Fig. 12.

Depending on whether k; is odd or even, we now embed T’ in ng] (where D is the diameter of T) as described in Case
1 or 2, respectively, of Theorem 6.3. To complete the embedding of T, we now embed the path ty, t, ..., i, in the SW-NE
diagonal that passes through vy, along the portion NE of vy,. Figs. 16 and 17 illustrate these embeddings for specific trees
falling into each of these two cases. The subgraph of ng] induced by this embedding is a {yy,, ux, }-resolved embedding

of T that is also an isometric subgraph of Pffl. Thus ©(T)=2. O

It was shown in [7] that there are trees of arbitrarily large metric dimension that have threshold dimension 2. In
particular it was shown that if Ls,, for n > 2, is the tree obtained from a path P : viv,...v, by attaching, for each
1 < i < n, two leaves u; and w; to v;, then the threshold dimension of L3, is 2 while the metric dimension is n. This
was shown by describing a {u;, w1}-resolved embedding in Pffl. The same embedding also shows that (L3,) = 2. We
briefly describe this embedding here. We again assume that the vertices of P, 1 have been labelled 0, 1, ..., n so that,
for 0 <i < n, the vertex i is adjacent with i + 1. Embed the path vyv; ... v, along the SW-NE diagonal passing through
(0, 0) and (n, n) by placing v in position (1, 1) and the remaining vertices of P in order along the diagonal NE of (1, 1).
Next the vertices uy, ..., u, are placed in order along the SW-NE diagonal through (0, 1) and (n — 1, n) starting with u;,
in position (0, 1). Finally the vertices w1y, w,, ..., w, are placed in order along the SW-NE diagonal through (1, 0) and
(n, n — 1) starting with w; in position (1, 0). The2 subgraph induced by this embedding is a {u;, w;}-resolved embedding

of L, in Pff] that is an induced subgraph of Pﬁ’]. Fig. 18 shows such an embedding for Li5.

7. Concluding remarks
In this paper we introduced the threshold strong dimension of a graph. We established an expression for the threshold
strong dimension of a graph in terms of a minimum number of paths, each of sufficiently large order, whose strong product
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Fig. 17. Illustrating an embedding of a tree in P;“ as described in Theorem 6.4 if k; is even.
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Fig. 18. A {u;, w;}-resolved embedding ¢ of the graph Ly, in Pgm.

admits a certain type of embedding of the graph. We used this embedding result to show that there are graphs whose
threshold dimension does not equal the threshold strong dimension. This embedding result also led to the main idea for
determining all graphs with vertex covering number 2 that can be realized as the strong resolving graph of a graph and
it was used to show that all trees with strong dimension 3 or 4 have threshold strong dimension 2. For graphs in general
we established sharp upper bounds for the threshold strong dimension.

We did not consider the computational complexity of finding the threshold strong dimension of a graph. In particular
it is not known whether the following problems are NP-complete:

Problem 1. For a given graph G and positive integer b, does there exist H € ¢(G) and a set B € V(G) of cardinality b such
that B strongly resolves H?
Problem 2. Is Problem 1 NP-complete even if we restrict ourselves to the class of trees?

Recall that a graph G is Bs-irreducible if Bs(G) = 15(G). The paths are precisely the graphs with strong dimension 1
that are Ss-irreducible. As remarked before, all graphs of strong dimension 2 are also Ss-irreducible. The complete graphs
of order n are the graphs with strong dimension n — 1 that are Ss-irreducible. However, the following problem remains
open.

Problem 3. For a given k, 3 < k < n— 2, characterize all graphs of order n and strong dimension k that are S;-irreducible.
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