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ABSTRACT. Let X be a smooth projective curve of genus > 1 over C, and e,co € X(C) be distinct
points. Let L, be the mixed Hodge structure of functions on 711 (X —{cc}, ) given by iterated integrals
of length < n (as defined by Hain). Building on a work of Darmon, Rotger, and Sols [7], we express

the mixed Hodge extension E’. given by the weight filtration on Lkiz as the Abel-Jacobi image of

a null-homologous algebraic cycle on X#"=1. This algebraic cycle is constructed using the different
embeddings of X"~ into X™. As a corollary, we show that the extension E®, determines the point
oo € X —{e}. When n = 2, our main result is a strengthening of a theorem of Darmon et al. [7]. In the
final section we assume that X, e, co are defined over a subfield K of C. Generalizing a construction in
[7], we use the extension EY’ . to define a family of K-rational points on the Jacobian of X parametrized
by (n — 1)-dimensional algebraic cycles on X*" 2 defined over K.
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1. Introduction

distinct. Let L, (X — {00}, e) be Hain’s mixed Hodge structure with integral lattice

In+1
1

(Z[m (X —{oo}, €)] )V

Let X be a smooth (connected) projective curve over C of genus > 1. Let e,0o € X(C) be
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where I C Z[m; (X — {00}, e)] is the augmentation ideal (see Paragraph 3.4). Darmon, Rotger, and
Sols in [7] consider the extension

0— %(X—{oo}, e) = —(X—{oo},e) = —(X—{co},e) = 0.
0

They relate this extension to the Abel-Jacobi image of the modified diagonal cycle of Gross, Kudla,
and Schoen in X3. If the curve X and the points e, co are defined over a subfield K C C, conse-
quently they are able to define a family of rational points on the Jacobian of X parametrized by
algebraic cycles in X? defined over K. The goal of this paper is to generalize this picture to higher
weights. We will discuss this in more detail shortly.

Let us fix some notation. We use CH;(—) for Chow groups. (As usual, the subscript is the
dimension.) By CH!™(—) we mean the subgroup of CH;(—) consisting of homologically trivial
cycles. We denote by Hom the internal Hom in the category of mixed Hodge structures, and for a
pure Hodge structure A of odd weight 2k — 1, by JA we refer to the intermediate Jacobian

Ac
A=——"—
J FkAc+ Az’
where F' denotes the Hodge filtration. We write H' for H'(X), the Hodge structure associated to
the degree one cohomology of X.
We start with a brief account of the main result of [7]. Denote the extension
L L L
0 — —(X—{oohe) — =(X—{oohe) — (X—{oohe) — O
Lo Lo L
dl Al

H (H)*2

by E5%.. Let Az . be the modified diagonal cycle of Gross, Kudla and Schoen in X3:
Ne = {(xx,%x):x € Xf—{(ey,x,x) : x € X} —{(x,e,x) : x € X} —{(x,%,¢e) : x € X}
+ {(e,e,x):xe Xt +{(e,x,e) :x € X}+{(x,e,e) : x € X} € CH}™(X3).
(The reason for this non-standard choice of notation will be clear shortly.) Let
77 ={(x,x,00) : x € X} —{(x,x,€) : x € X} € CHMm(X3).
Let h; be the composition
4y CH™(X*) — JHom(H*(X*), Z(0)) — JHom((H")®*, Z(0)),

where the first arrow is the Abel-Jacobi map (see Paragraph 8.1) and the second arrow is the re-
striction map (induced by the Kunneth inclusion (H)®3 ¢ H3(X3)). Identify

Ext((H")®% H") = JHom((H")®* H') = JHom((H")®* @ H', Z(0)),

where the first isomorphism is that of Carlson [1] (see Paragraph 2.3), and the second is given by
Poincare duality. For a Hodge class & € H' ® H', let

&' JHom((H")** ® H',Z(0)) — JHom(H', Z(0)) = Jac(C)

be the map that sends the class of f : (HJC)®3 — C to the class of f(§ ® —). (Here Jac is the Jacobian
of X and the isomorphism JHom(H',Z(0)) = Jac(C) is given by the classical Abel-Jacobi map.)
Theorem 2.5 of [7] asserts that for every Hodge class &,

2) ET(ER) = &7 (ha(—Age + Z32)).
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Consequently Darmon, Rotger and Sols show that if X, e, 0o and £ are all defined over a subfield
K of C, then the point &~ (IE°° ) is a K-rational point of the Jacobian. Thus by varying & one gets a
family of rational points on the Jacobian, parametrized by Hodge classes in H' @H! that are defined
over K (or by divisors on X x X defined over K). These points have a nice analytic description
in terms of Chen type iterated integrals (as the extension E3;, is described using such iterated
integrals). Our main goal in this article is to generalize this p1cture to higher weight parts of the
fundamental group. For each n > 2, we consider the extension E2°,
Lo L L

“(X—{oohe) — (X—{oohe) — (X—{oche) — 0

I_nfz I—nfl
2l Ul

(H] )®n—1 (H] )®n

0
Lan

of mixed Hodge structures as an element of Ext ((H1 )& (H! )®“_1). This extension comes from
the weight filtration on

"= (X —{oo}, €),

n—2

which is given by

Wh2 =0, Wno1 =

"X~ {ooe), and Wy = (X~ (oo),e)

n—2 n—2

—|

Let hy, be the composition

CHbhom (x2n 1) APIEOP rppom (H2T (X2 1), Z(0)) <425 JHom ((H') 221 Z(0)),
and identify

Carlson Poincare duality

Ext((H")®", (H)®"™") =" JHom ((H")*", (H)*") = JHom((H")***,2(0).
For each n, we define algebraic cycles
Ane, Z3, € CHYOT (X2 )
such that (2) generalizes to the following result.

THEOREM 1. )
E:fe = (_]) 2 hn (An,e - Zﬁ?e)

Note that when n = 2, this is a strengthening of Darmon-Rotger-Sols” (2).
The cycle Ay ¢ is constructed by first taking an alternating sum

Z(_] )i—] tr61
i
of the transposes of the graphs of the diagonal embeddings &; : X™~! — X™ defined by
(3) (Xh"-)an])H(Xl)"'axiaxi)"-axnf”)

and then using the method of Gross and Schoen [19] to produce a null-homologous cycle (see
Paragraphs 7.2 and 7.3). The cycle L7, is defined as

Z 7Tn+1 oo) (ﬂn+i,e)*) (tréi))

i=1

where for x € X, 7 is the map X2 5 X2 that replaces the ith coordinate by x, and leaves the
other coordinated unchanged.



4 PAYMAN ESKANDARI

Note that the fact that the diagonal embeddings &; : X™~' — X" appear in the constructions
is not surprising. Wojtkowiak used these maps in [31] to form a cosimplicial variety that gives
rise to the de Rham fundamental group(, and Deligne and Goncharov used these maps in [13] to
construct their motivic fundamental group.

Theorem 1 has the following corollaries:

(1) The function
X(C) —{e} = Ext((H)®™, (H)*™ ) oo EY,
is injective.
(2) Suppose X has genus 1, or that X is hyperelliptic and e is a ramification point of X. Then
3% is torsion if and only if co — e € CHgom(X) is torsion.
We should mention that one motivation for considering extensions of the form
I—n71 Ln I—n

0 — —
| I} Lh2 Lo

0,

rather than

L
0 — Ly — Ly — —/— — 0,
Ln—l

Ln
. . Ln_] . .

coming from different base points as elements of the same Ext group. The reason for looking

at extensions coming from 77 of the punctured curve, rather than the curve X itself, is that the

is that the quotients { } are independent of the base point, so that we can think of extensions

successive quotients L—“(X, e) for n > 2 are much more complicated than their counterparts for

X —{oo}. (See [29].)
In the last section, following the ideas of [7] we give a number theoretic application of Theorem
1. Suppose K C C is a subfield, X = Xy ®x C, where X, is a smooth projective curve over K, and
e,00 € Xp(K). Let g be the genus. Denote the Jacobian of Xy by Jac. Generalizing a construction
in [7], we associate to the extension E7°, a family of points in Jac(K) parametrized by algebraic
cycles of dimension n — 1 in Xé“fz. Our approach is in line with Darmon’s general philosophy of
constructing rational points on Jacobians of curves using algebraic cycles on higher dimensional
varieties.
For a Hodge class
((_, e (H1)®2n—2)
let £~ be the map
JHom((H')#*"~1,Z(0)) — JHom(H', Z(0)) = Jac(C)
defined by
(class of f: (HE)®™ ! = C ) (classof f(E® —) ) .
For Z € CH,,_; (Xénfz), let &7 be the (H")®?"~2 Kunneth component of the class of Z. In Section 12
we prove the following result.

THEOREM 2. Let Z € CH_1(X§"?). Then &' (E%,) € Jac(K).
Note that this is not a priori obvious, as to define E7°, one first goes to analytic topology. The
result is a consequence of Theorem 1 in view of the following two facts:
(i) The map &' is given by a correspondence.

tThe corresponding cosimplicial manifold and its connection to the unipotent fundamental group already appear
in Cartier [2].
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(ii) The algebraic cycles A and Z7', are defined over K.

Theorem 2 is due to Darmon, Rotger, and Sols [7] in the case n = 2. For each n, it associates to the
extension E7° a family of rational points on the Jacobian parametrized by CH;,— (Xén_z).
It would be very interesting to investigate whether the families

(4) (&7 (EX,) : Z € CHp1(X§™ %)} CJac(K)

contain non-torsion points (if Jac(K) has nonzero rank). One should keep in mind that for different
values of n these families arise from different parts of the weight filtration of the mixed Hodge
structure on 711 (X — {00}, €), and are parametrized by algebraic cycles on different powers of X,. Of
course, a motivation for going deeper in the weight filtration is the possibility of using algebraic
cycles on higher powers of the curve.

We close this introduction with a few words on the structure of the paper. We recall some
background material in Sections 2 and 3. Nothing in these two sections is original. Sections 4-10
build towards the proof of Theorem 1. In Sections 4 and 5 we define a section sr of the quotient
map

Ln(X (oo, ) = £ (X — (oo, ) = (H))°"

(over C) that is compatible with the Hodge filtration (Lemma 5.7.1). To define this section we use
some ideas of Pulte [28] and Darmon-Rotger-Sols [7], together with the fact that the space of closed
iterated integrals on a manifold M is calculated by the degree zero cohomology of the reduced bar
construction on any subcomplex of the complex of smooth differential forms on M that calculates
the cohomology of M. The composition

® (H')E" 5 L, (X —foo), ) =

(X - {OO} ) e)

n—2

turns out to be defined over R. In section 6 we use the map (5) to calculate the extension E°,
as an element of JHom((H")®", (H")®"1) (via the isomorphism of Carlson). We shall see as a
consequence that

n—1
(6) E;.L?e _ Z (H])®i—1 ® Efe ® (H1)®n—1—i

i=1
(Corollary 6.6.2). In section 7 we define the algebraic cycles A, . and Z7°, and realize them as
boundaries of some topological chains. After a brief review of Griffiths” Abel-Jacobi maps we
restate Theorem 1 in Section 8. In Section 9 we consider n = 2 case. Here we prove a lemma
that enables us to move the point oo if necessary (Lemma 9.1.1). With this lemma in hand, the
n = 2 case of Theorem 1 follows from Darmon-Rotger-Sols” proof of (2). In Section 10 we use the
material of the previous sections, in particular the reduction formula (6) together with the n = 2
case to verify the general case of Theorem 1. Section 12 contains the proof of Theorem 2.

In another article we shall give an application of the contents of this paper to periods. (See the
author’s thesis [14].)
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discussions and providing feedback on my thesis. I would also like to thank Professor Richard
Hain for a helpful correspondence. Finally, I would like to thank the anonymous referee for mak-
ing helpful suggestions, in particular for drawing my attention to the possibility of expressing EX°,
in terms of Eg‘;, and also a simplification to the definition of A, ..
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2. Recollections from Hodge theory
In this section we briefly recall a few basic definitions and facts about mixed Hodge structures.

2.1. Unless otherwise stated, by a (pure or mixed) Hodge structure we mean one that is over
Z. We use the standard notations F* and W. for the Hodge and weight filtrations. We denote the
category of mixed (resp. pure) Hodge structures by MHS (resp. HS). We will often denote a mixed
Hodge structure by a capital English letter, and then decorate it with the subscript K € {Z, Q, C} to
refer to its corresponding K-module. For example, if H is a mixed Hodge structure, by Hz, Hg, and
Hc we refer to the corresponding Z, Q, and C modules. For each integer n, we denote by Z(-—n)
the unique Hodge structure of weight 2n with the underlying abelian group Z. For any mixed
Hodge structure A, as usual A(n) := A ®Z(n). Given mixed Hodge structures A and B, we denote
their internal hom by Hom(A, B); it is a mixed Hodge structure defined as follows: Its underlying
abelian group is Homy(Az, Bz), and the filtrations are given by

WnHom@(AQ, B@) ={f: AQ — BQ | f(WlAQ) - Wn+lBQ for all 1}

and
FpHomc(Ac, Bc) ={f:Ac — B¢ | f(FLAc) - FP+LB(C for all 1}.
If A and B are pure of weights a and b, Hom(A, B) is pure of weight b — a. The dual to a mixed

Hodge structure A is AY := Hom(A,Z(0)). We adopt the convention A®™ := (A®™™)V for n
negative.

2.2. Carlson Jacobians. As a generalization of Griffiths” intermediate Jacobians of a variety,
given a mixed Hodge structure A, Carlson [1] defined its n'"" Jacobian by

Ac

n ——

Ji(A):= F"Ac + Az’

where by Az we obviously mean its image in Ac. It is easy to see that for n bigger than half the
highest weight of A, the natural map

Ac

F*Ac
(given by the inclusion Ag C Ac) is injective, whence J™(A) is the quotient of a complex vector
space by a discrete subgroup. It is easy to see that in general J* is a functor from MHS to the
category of abelian groups that respects direct sums.

Of special interest to us is the case of the “middle Jacobian” JA := J™A of a pure Hodge
structure A of weight 2n — 1 (possibly negative). It is easy to see that in this case, the map (7) is an
isomorphism, and hence induces an isomorphism of real tori

) AR = Az QR —

(8) R~ A,

We record, for future reference, a few easy statements in the following lemma. The proofs are
straightforward and are omitted.
LEMMA 2.2.1. Let A, B and C be mixed Hodge structures.
(a) If Bz is free, the canonical isomorphism Homyz(Az, Bz ® Cz) = Homy, (Az ® By, Cz) in-
duces an isomorphism Hom(A,B ® C) = Hom (A ® BY, C).

(b) The canonical isomorphism Homy(Az, Bz) ® Cz = Homgz (Az, Bz ® Cz) induces an iso-
morphism Hom(A,B) ® C = Hom (A, B ® C).
() J"A(—=p) =]"PA



ALGEBRAIC CYCLES AND 71 OF A PUNCTURED CURVE 7

(d) If A is pure of odd weight, JA(—p) = JA.
(e) J"Hom(A(—p),B) =J""PHom(A, B).
(f) If A and B are pure of opposite parity weights, then JHom(A(—p), B) = JHom(A, B).

2.3. Carlson’s theorem on classifying extensions in MHS. Let A and B be mixed Hodge struc-
tures. By Ext(A, B) we mean the group of extensions of A by B in the category MHS. Suppose the
highest weight of B is less than the lowest weight of A. Carlson [1] shows that there is a functorial
isomorphism

Ext(A, B) = ]°Hom(A, B).
Given an extension E given by a short exact sequence

0 B E A 0,

one way to describe the corresponding element in the Jacobian is as follows: Choose a Hodge
section of of Ec — Ac, and an integral retraction pz of Bc — Ec. The extension E corresponds
to the class of pz o of. (By a Hodge section we mean a section that is compatible with the Hodge
filtrations, and by integral we mean a map that is induced by a map between the underlying Z-
modules.)

In the interest of simplifying the notation, we shall identify Ext(A, B) and J°Hom(A, B) via the
isomorphism of Carlson.

3. Hodge theory of 711- Recollections from the general theory

3.1. Review of the reduced bar construction. In this paragraph, we briefly review certain
aspects of the reduced bar construction on a differential graded algebra. The construction is due
to K.T. Chen, and the reader can refer to [4] and [21] for references. We only discuss a special case
that is of interest to us. Throughout this paragraph K is a field of characteristic 0.

By a differential graded algebra over K we mean one that is concentrated in degree > 0. More

precisely, this is a graded K-algebra A" = @ A", equipped with a differential d of degree 1 (so that
n>0
one has a complex

A0 AT dyA2 4
of K-vector spaces) such that the graded Leibniz rule holds, i.e.
d(ab) = (da)b + (—1)%!*q(db)
for homogeneous elements a,b € A’, where deg is the degree. Moreover, we say A" is commutative
if
ab = (—1)des8(@) deg(b)y o

for all homogeneous a, b.

Note that K itself can be thought of as a differential graded algebra over K in an obvious way.
Suppose A" = @ A" is a differential graded algebra over K, with the differential denoted by d.

n>0

Denote the positive degree part by A*. Let € : A — K be an augmentation (i.e. a morphism of
differential graded algebras in to K). For any integers r,s (r > 0), let T""*(A") be the degree s part
of (AT)®", i.e. the K-span of all terms of the form
©) G ®--® ar,
where a; € A" and }_ deg a; = s. (By convention, (AT)®® = K.) It is customary to use the notation

[a]---la;]
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for the element (9). The T""*(A") form a second quadrant bicomplex T~ (A"), with T""*(A") being
the (—, s) bidegree component, and anti-commuting differentials both of degree 1 defined below.
Here Ja = (—1)9¢8%a for any homogeneous element a € A"
e The horizontal differential d,:
r—1
dn(larl--la) = > (=D)"'Tay|-- - JairlJa) ailagal - - ay]
i=1
e The vertical differential d.:

dllarllad) = Y (1) 0arl- Jaialdaslagl - o).
i=1
The formulas for the differentials are particularly important for us when all the a; are of degree 1.
In this case the formulas simplify to

(10) dnlail---la;] :_Z[a1|“'|aiai+1|“'|ar]
and
(11) dylail|---fa,] :*Z[al|"‘|dai""|ar]-

1

The associated total complex Tot (T (A’)) is concentrated in non-negative degrees, and its

degree zero partis @ T**(A") = P (A1)®s. The reduced bar construction B(A", ¢) = @ B" (A ¢€)
$>0 $>0 n>0

of A" relative to e is by definition a certain quotient of Tot (T~ (A")). See [21] for the quotienting
relations. If A° = K, the relations become trivial and B(A', €) is then simply Tot (T (A")).

The image of [ai]...|a,] in the reduced bar construction is denoted by (ay]...|a ). From now
on we drop the augmentation e from our notation for B if it will not lead to any confusion.

The reduced bar construction is naturally filtered by tensor length: Let

To=@D (TT(A)).
r<n
The filtration {7} of the double complex (T~"(A’)) induces a filtration {B,} on the reduced bar
construction. We denote the filtration induced on the cohomology of B(A") also by {5;,}.

The reduced bar construction is functorial. In particular, if A" and A’ are differential graded K-
algebras,and e : A* — Kand & : A* — K are augmentations, a morphism f : A* — A’ of differential
graded algebras satisfying & o f = € induces a morphisms of complexes B(A) = B(A) compatible
with the filtrations {B,}. Moreover, if f is a quasi-isomorphism, then the induced maps between
the reduced bar constructions and the B, are also quasi-isomorphisms ([21, Corollary (1.2.3)] and
[22, Lemma 7.1]).

If A" is commutative, then B(A’) is in fact a commutative differential graded algebra, with
multiplication given by the so called shuffle product. For degree zero elements, the multiplication
is given by the formula'

(@il lar) - (@l lars) = D (@om)l- - lagrrs)-

(r,s) shuffles o

TRecall that 0 € Sy is an (1,s) shuffle if
o 'M<--<o'(r) and o '(r4+1) < <0 '(r+s).



ALGEBRAIC CYCLES AND 71 OF A PUNCTURED CURVE 9

In particular, when A’ is commutative, H°B(A") is also a commutative algebra. If f : A* — B’
is a morphism of commutative differential graded algebras, then the induced map between the
reduced bar constructions respects the multiplications.

3.2. Let G be a finitely generated group and K a field of characteristic zero. The Malcev or
(pro)-unipotent completion of G over K is a pro-unipotent algebraic group Gg™ over K, together
with a homomorphism G — GE"(K), such that for any pro-unipotent group U over K and any
homomorphism G — U(K), there is a unique morphism Gg* — U of group schemes over K
making the obvious diagram commute. It follows immediately that the image of G is dense in
Gi". The group Gi™ can be defined explicitly as Spec(Ogyr ), where

\4
O(;kn = lim (K[G]> y

5\ [mH1

and I is the augmentation ideal. One can think of

KIG] "

[m+1
as the space of K-valued functions on G which (after being extended linearly to K[G]) vanish on
m+1

3.3. Chen’s theory of iterated integrals and the description of O(m;¢"). We review some re-
sults of K.T Chen in this paragraph. For details and proofs, see [3], [4] and [5]. Throughout this
paragraph K € {R, C}.

As a generalization of the notion of a manifold, Chen in [5] defines the notion of a differen-
tiable space. He associates to each differentiable space a commutative differential graded algebra
of K-valued differential forms. The degree 0 forms are, as expected, “differentiable” functions, and
the multiplication on them is simply point-wise multiplication of functions. The closed 0-forms are
the locally constant functions.

Let U be a path-connected (smooth) manifold, e € U, and Q. be the (smooth) loop space at e.
Let Ei (U) be the complex of K-valued differential forms on U. The loop space Q. is naturally made
into a differentiable space. For wy,...,w; € Ei(U) of positive degree, Chen defines a K-valued
differential form of degree —r + ) deg(w;) on Q. denoted by [w;...w;. A K-valued iterated
integral of degree d is by definition a linear combination of the d-forms of the form [ w; ... w;. In
the case that wy,...,w, are all 1-forms on U, the zero form, i.e. function, fun ... w; on the loop
space is defined by

<y:[0,1]—>u) — J fi(ty)dty -+ - fi(tr) dty,

0<ty <. <ty <1

where fi(t)dt = y*(w;). If r = 0, the “empty” iterated integral is defined to be the constant function

1. The value of [ w;...w, ony is denoted by [ wy ... w;. Itis clear that for r = 1, this coincides
Y
with the usual integral.

Following [4], we denote the space of K-valued iterated integral of degree d by Aﬁgd. The space

Ag = @Aﬁ(d is a sub-complex of the complex of K-valued differential forms on the loop space Q).
It is also closed under multiplication (and hence is a sub-differential graded algebra). For degree 0
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iterated integrals, this is thanks to the so-called shuffle product property given by the formula

(12) Jw1 "‘wrjwr+1 s Wrgs = Z chﬁ) T Weo(r4s)y

Y Y (r,s) shuffles o',

where 7y is a loop at e.

An element of A{¢ that can be expressed as a linear combination of [ w;...w; witht < m
is said to be of length < m. The elements of Ay of length < m form a subcomplex Ay (m). The
complex A[ is naturally filtered by length. Since A}, is concentrated in degree > 0, one has

HO(AL(m)) € HO(Ag),

and the {H°(A/ (m))} is a filtration on H°(Af).

From now on, by an iterated integral we mean one of degree zero. The following formula
describes how iterated integrals behave relative to composition of paths. Here « and (3 are loops
ate.

T

(13) Jwr--wr:Zwawimemwr

op =0 B

One can show that iterated integrals also satisfy the following relations (as functions on Q).
Here f is a (smooth) function on U.

[tanwswr = [itwn) @ —tie) [wr -
Jun e wi(dfwigy - wr = le "'wi—1(fwi+1)"'wr_Jw1 - (foig)wipr - - wy
(14) [wrcwitan = fle) @ wer = @i ()
An iterated integral induces a function on G = 7t7(U, e) if and only if it is locally constant on
the loop space if and only if it is closed (as an element of the complex Af). It follows from (13)

that a closed iterated integral of length < m vanishes on I™*! C K[G], so that one has a natural
inclusion

Vv
HO(Af(m)) C (ﬁf}) :

The main theorem of [3] (Theorem 5.3) asserts that indeed

\%4
HAKm) = (Tt )

The algebraic structure of HO(Ak(m)) can be described using the reduced bar construction on
the complex Ej (U) of smooth K-valued differential forms on U, augmented by “evaluation at e”.
One has a natural map of differential graded algebras B(E; (U)) — Al given by integration

(@l o) 5 r o
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This mapJr induces an isomorphism HOE(EK(U)) — HO(A]k) strictly compatible with the length
filtrations, i.e. we have a natural isomorphism
J

V
BmHOB(Ex(U)) = HO(AL(m)) = Gﬂf}) .

REMARK. If Uis (the associated complex manifold to) a smooth complex variety, and U = Y\D
where Y is smooth projective and D is a normal crossing divisor, one can replace E-(U) by the
complex E'(Ylog D) of smooth differential forms on Y with at most logarithmic singularity along
D (since the reduced bar construction respects quasi-isomorphisms).

3.4. Mixed Hodge structure on 71; of a smooth complex variety. Let U be a smooth variety
over C, e € U(C), G = m(U, e), where with abuse of notation we denote a smooth complex variety
and its associated complex manifold by the same symbol. Here we briefly recall Hain’s mixed
Hodge structure on the integral lattice

()
[m+1 )

which we denote by L, = Ly (U, e). For details and proofs, see [21].
Let U = Y\ D, where Y is a smooth projective variety and D is a normal crossing divisor. In
view of the isomorphism

_ cle\
BmHOB(E'(YlogD)) i) <I“£+1]> = (Lm)c

the weight and Hodge filtrations on L, are described as follows:
- The weight filtration: W, (L) is the space of those closed iterated integrals that can be
expressed as a sum of (not necessarily closed) iterated integrals of the form fw1 e Wy,
with r < m and w; € E! (Ylog D), such that at most n — r of the w; are not smooth

along D. One can prove that this filtration is indeed defined over Q. It is easy to see that
Wi (L) C L.

- The Hodge filtration: FP(L,)c is the space of those closed iterated integrals that can be
expressed as a sum of (not necessarily closed) iterated integrals of the form [ w; ... w,
where r < mand w; € E'(YlogD), such that at least p of the w; are of type (1,0).

Note that the L, form a direct system of mixed Hodge structures.

REMARK. (1) One can show that L, only depends on the pair (U, e), and not on the embed-
ding of U as Y \ D. As in the case of mixed Hodge structure on cohomology, to explicitly describe
the Hodge and weight filtrations on L;;, one usually embeds U as Y \ D as above.

(2) Ly (U, e) is functorial in (U, e).

4. Construction of certain elements in the bar construction

In this section, given an augmented differential graded algebra satisfying certain properties,
we give a procedure that constructs elements is H'B with prescribed highest length terms. This
construction will be used several times in Section 5.

We assume that A’ is an augmented differential graded algebra, and that

(i) d(Al) = (A1)?,

TThe relations by which one mods out Tot (T (Ex(U)) to get B(Ex(U)) are defined exactly based on relations (14)
satisfied by iterated integrals, so that the map just described is well-defined.
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(ii) for each pair (a,b) of elements of A, s(a,b) € Al is such that d(s(a, b)) = —ab.

Letaj,...,an € Al be closed. Our goal is to give a closed element of EO(A') of the form
(a1]---lan) + lower length terms.

For this, it suffices to construct a closed element of T ""(A’) of the form
[ai]---lan] + lower length terms.

Set Ay = [aj]---lan). Then dy(M\y) = 0, and dn(An) € T The idea is to define, for each
r=n-—1,...,1,an element A; € T""" such that d,(A;) = —dn(Ar11). The element

An+ A1+ A

will then be closed.
Forr=mn—1,...,1, define A, to be the sum of all simple tensors in T""" of the form

(15) R R A N

where each block is formed by (possibly 0) successions of s( , ), and such that when we remove
the symbols “|” and “s(, )”, we are left with

(16) la; az -+ anl.

For example,

n—1

A=) lail---Islag, aipr)l-- - lan),
=1

and
A2 = > laile-slslag aip)l-- - Is(ag, @)l - lan)
1<i<j—1<n-2
n—2
+ ) lail--Is(s(ai, aisr)y ai)l - an]
-
n—2

+ [ai]---Is(ai, s(aip1, ais2))| - - - lan].

i=1
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There will be much more variety for A,,_3:

A3 = Z[a1|'"|3(ai)ai+1)|"'|3(aj)aj+1)|"'|3(ak> ag1)] - - - lan]
+ Z[aﬂ - Is(aiy apgr)l- - - Is(s(aj, ajr1)y aj2)l - - - lan]
+ Z[aﬂ -+ [s(ai, aipr)l -+ - Is(ajy s(ajer, aj2))] - - - lan]
+ Z[Cul -+ Is(s(aiy aip1)y aip2)l- - - Is(aj, ajr)] - - - [an]
+ > ol Is(as, s(aigry ai2))l -+ Is(ay, ajin)l - - lan]
+ ) lail---Is(s(s(ai, @), @is2), aigs)l - lan
+ Y [l Is(s(a, s(@ir, ai2))y aies)l -+ lan
+ Y lail -+ Is(ai, s(s(@irr, @ira)y @is3))l- -+ lan
+ ) lail---Is(ai,s(aisr, s(@ir2, @ir3)l- -+ lan

+ ) lail---ls(s(ai, aisr)y s(aipa, ais3))l -+ lanl.
Note that in every summand of A,, there are exactly n — r occurrences of s.
LEMMA 4.0.1. The element A,, + - - - + A7 is closed.

PROOF. Note that dy(A,) = dn(A7) = 0. It remains to check that for each r, —dn (A1) = dyv(Ar).
But in view of the formulas (10) and (11), both —dn (A1) and dy(A;) are the sum of all simple
tensors in T~ of the form (15) where each block is formed by (possibly 0) successions of s( , ),
and such that when we remove the symbols “|” and “s(, )”, we are left with (16). That each q; is
closed is important to make sure d,(A;) is equal to the aforementioned sum. O

REMARK. Itis easy to see thatif s : A" x A' — Al is bilinear, then the above construction gives
a linear map (A} ..4)®™ — ByHB(A).

5. Hodge theory of 711- The case of a punctured curve

From here until the end of the paper, X is a smooth (connected) projective curve over C of
genus g > 1, and oo, e € X(C) are distinct points. Our main objective in this section is to construct
a map (see Lemma 5.7.1) which will play a crucial role later on.

5.1. LetS C X(C) be of finite cardinality |[S| > 1, U =X —§,and e € U(C). Let G = m;(U, e)
and L, = Ly (U, e). Our goal in this paragraph is to study (L,)c more closely.
It is well-known that in this case there are holomorphic differential forms oy (1 < i < 2g +

IS|—1) on U whose classes form a basis of HLR(U). We can, and will, take these such that «, ..., g4

are of first kind (i.e. holomorphic on X), &g1, ..., x4 are of second kind (i.e. meromorphic on X

with zero residue along S), and a1, ..., %4451 are of third kind with simple poles at points in
2g+|S|-1

S. Let R* be the sub-object of E.(U) given by RO=C,R! = o C, and R? = 0. The inclusion

i=1
map R" — E-(U) is a quasi-isomorphism, so that in particular
BnHPB(R) = B HB(E:(U)) and HOB(R') = HOB(EL(U)).

It is easy to see that HB(R'), as a vector space, is the (underlying vector space of the) tensor algebra
on R!, and the multiplication is the shuffle product. In other words, HB(R") is the shuffle algebra



14 PAYMAN ESKANDARI

on the letters «; (1 <1 < 2g+[S|—1). The filtration 5. is the tensor length filtration. The following
description of L, is now immediate.

5\ [m+1

v
PROPOSITION 5.1.1. The integration map HPB(R') — lim (C[G]> which maps

[ociy [ -+ < lexs, ] HJO% Cy,

is an isomorphism, which maps By, onto (L, )c. In particular, any complex valued function on G
that (after extending linearly to C[G]) vanishes on I™*! is given by a unique (linear combination
of) iterated integral(s) of length < m in the forms «;.

5.2. From now on, let S = {oo}. (Thus U = X — {00} and L, = L (X — {00}, e).) The complex
F'E'(Xlog o0) is exact in degree 2. For each a, a’ € E'(X log c0), lets(a,a’) € FIE' (X log 00) be such
that d(s(a,a’)) = —aAa’. If a/A a’ =0, we specifically take s(a,a’) = 0.

The differential graded algebra E'(Xlog co) meets the conditions of Section 4, and hence for
wWi,...,wn closed smooth 1-forms on X, the construction given in that section gives us a closed

element of B'E (Xlog oo) of the form
(w1l --[wyn) 4 lower length terms,

and thus a closed iterated integral on X — {co} of the form
(17) J w1 - - - Wy + lower length terms,

where all the 1-forms involved are in E! (Xlog o). Moreover, by construction, in each term of
length r above there are n — r occurrences of s, and hence at most n — r forms with a pole at co. In
view of the description of the weight filtration given in Paragraph 3.4, this implies the following
lemma.

LEMMA 5.2.1. Given closed smooth 1-forms wy, ..., w, on X, there is an element of W,,(L,,)¢
of the form (17).

5.3. The Weight Filtration of L,: We now show that the weight filtration on L, coincides with
the length filtration.

PROPOSITION 5.3.1. Forn < m, WL, = L.

PROOF. It is enough to show WyL, = L, for all n, for then, if n < m, we see in view of
Wil C Ly that WL, = L. We argue by induction on n. This is trivial for n = 0. Suppose
Wi_1La—1 = Ly—1. In view of Proposition 5.1.1, it suffices to show that

JO()'] ey, € Wn(I—n)C-
For each i, let w; € EJC(X) be such that «;, = w; + df; on U, where f; is a smooth function on U;
this can be done because inclusion of U in X gives an isomorphism on the level of H'. Thanks to

the relations (14) satisfied by iterated integrals, we have

J“j‘ oy, = Jw] -+ wn + lower length terms.
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In view of Lemma 5.2.1 we can write

J oG, &, = <an element of W,,(L,,)¢ of the form
J(m -+~ wn + lower length terms>

+ J terms of length <n — 1.

The left hand side and the first integral on the right are both closed, so that the second integral on
the right also has to be closed, hence in (L,,_1)¢, and by the induction hypothesis in Wy, _;(Ly—_1)c C
Wi (L) . The desired conclusion follows. O

5.4. In this paragraph we review some facts from group theory and then apply them to our
setting. Let I' be a finitely generated group, K € {Z, Q, C}, and I be the augmentation ideal in K[I'].

Let b .= [rrr]' It is well-known that

(18) Iizwab@K =11 ]

is an isomorphism. For n > T however, the quotients Ir{ﬁ become increasingly more complicated

in general. (See Stallings [29].) On the other hand, if I' is free, these quotients are easy to describe:
One has an isomorphism

m I Im
(19) T (IZ)

given by
(yi=1)(yn=Dl= 1@ @1

Let ' be free. Then ILZ’ and hence I,{% for every n, is a free K-module. (Of course, this is only
interesting when K = Z.) One has for each n an obvious exact sequence (of K-modules)

" KT KII]

0— T T — 0.

KT
We see by induction that each IEL] is free, and hence dualizing the previous sequence we get exact

K\ K\ Y ™\
00— T — T — T — 0.
Y ag [/ 1\ as) b on\ v
(mr) 2 ((&)"7) 2 (e)™)

we get a short exact sequence

Via

AN AN v
(20) 0— <IE1]> — (In[H]) &, ((Fab ®K)®“) — 0.
%
Unwinding definitions, it is easy to see that qk sends f € (ﬁg) to the map

yil@--@ynl — f(lly1r—=1)---(yn—=1D.
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It is clear that (20) is compatible with extending K.

We apply this to the group G = m1(U, e). In view of the definition of (L,)k, the isomorphism
G @K ~ H;(U,K) given by [y] — [y], and

XN

(iU, 00" = (Hy (W, )Y) ™ = (W)

the sequence (20) reads
@) 0 — (Lo " (L 25 (M (W) —0.

Compatibility with extending K implies the maps in this sequence when K = C are defined over
Z (i.e. take integral lattices to integral lattices, and hence rationals to rationals), and the sequence
when K = Z (resp. K = Q) is the restriction of the sequence for K = C to integral (resp. rational)
lattices. In particular, these restrictions are exact.

The inclusion U C X gives an isomorphism H'(X) — H'(U). We will always identify the two
Hodge structures via this map, and from now on simply write H' for H'(U) = H'(X). Unwinding
definitions, in view of

n
(22) J w7 - - - wn + lower length terms = H J wy,

(y1=1)-(yn—1) =1y,

we see that the map qc sends
(23) J(m .-+ wn + lower length terms — [w1] ® - - - ® [wn],

where the integral on the left is closed, each wj is a closed smooth 1-form on U, and [w;] denotes
the cohomology class of w;. Note that (22) is a consequence of (13).

It is clear from the description of the weight filtration on L,, given in Proposition 5.3.1 that the
map (c is compatible with the weight filtrations. It is well-known that qc is also compatible with
the Hodge filtrations, so that the map

_La
4 Ln—]

— (HhEn

induced by qc is an isomorphism of (mixed) Hodge structures. We won’t however need to invoke
this fact. Over the next three paragraphs, we will construct a particular section s¢ of qc that re-
spects the Hodge filtrations (Lemma 5.7.1). This map enjoys some nice properties and will play an
important role later on. Existence of a section of qc respecting the Hodge filtrations in particular
implies that q respects the Hodge filtrations, and hence is an isomorphism (Corollary 5.8.1).

5.5. In this paragraph, we review some basic facts about Green functions. For the proofs and
further details, see [25].

Let ¢ be a real non-exact smooth form of type (1,1) on X, D be a nonzero divisor on X, and
supp(D) be the support of D. Then ¢ is exact on X — supp(D). Indeed, one can prove that there is
a unique (smooth) function g, , : X —supp(D) — R, called the Green function for ¢ relative to D,
satisfying the following properties:
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(1) If D is represented by a meromorphic function f on an open set (in analytic topology) V
of X, then the function V — supp(D) — R defined by

Psg, (P + (J ¢) logf(P)?
X

extends smoothly to V.
(2) dd°g,, = (degD)¢ on X — supp(D), where d° = 7=(3 — d) with the 9, d the usual
operators.

® [ 9000 =0

X
Take D = oo. It follows from (1) that locally near the point co, with a chart taken such that oo
corresponds to z = 0, the function g, looks like

—(J ¢) logzz + a smooth function.
X
It follows that 0g.  near oo (again with z = 0 corresponding to the point co) is of the form

—(J @) % + a smooth 1-form,

X

so that 0go,¢ is in E'(X log 0o). By condition (2), d(ﬁagw’@) = ¢ on U. To sum up, given a a

non-exact real two-form ¢ on X, we have a specific 1-form %magoo,@ of type (1,0) in E'(Xlog o0)

1
with residue = J @ at co whose d is ¢ on L.

X

5.6. Throughout this paragraph, K = R or C. Let H}(X) be the space of K-valued harmonic
1-forms on X. One has a commutative diagram

HE(X) = HL
N N
HL(X) = HL.

Via the horizontal isomorphisms we get a pure real Hodge structure H'(X) of weight one
with K-vector space #} (X). The subspace F'H[.(X) is the space of holomorphic 1-forms on X. Let
A HYy @ H) — EZ(X) be the “wedge product” map, i.e. given by A(wy ® w;) = wy A w,. The
following lemma combines some ideas of Pulte [28] and Darmon, Rotger and Sols [7].

LEMMA 5.6.1. There is a C-linear map

v HE(X) @ HE(X) — E'(X1og oo)
such that
(i) for eachw € H(};(X) ® HJC(X), dlviw))=—A(w)on l,
(ii) v respects the Hodge filtration F,

(iii) for each w € HL(X) ® HE(X), there is a smooth real 1-form vg = vg(w) on U such that
v(w) — vg is exact on U,

"The appearance of the extra factor [ ¢ compared to Lang comes from the fact that ¢ is not normalized here.
X
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1

(iv) for every w € HJC(X) ® HJC(X), the residue of v(w) at oo is = J/\(w).

X

PROOF. The cup product H' ® H' = H?(X) is a morphism of Hodge structures. Let K be
its kernel. Ignoring the rational structures, we can think of K as a sub-Hodge structure of the
real Hodge structure H' ® H'. Let K be its copy in H'(X) ® H'(X). Thus Kk consists of those
w € H]}Q(X) ® H]}g(X) for which A(w) € EZ(X) is exact. One has a short exact sequence of real
Hodge structures

inclusion

0 — K"MW (X) o H (X) =H @ H = HA(X) — 0.
The category of pure real Hodge structures is semi-simple, so that there is
¢ € Hp(X) © HE(X) N F(HEX) @ HE(X)
giving rise to a decomposition of H'(X) ® H'(X) as an internal direct sum
HX)eH' (X)=K & L,

where L is the one dimensional sub-object of H' (X)@H(X) generated by ¢T. Because of the linear
nature of the requirements, it suffices to define v on K¢ and L satisfying (i)-(iv).

Definition of v on K¢: This part is due to Pulte [28]. The operator d on X is strict with respect
to the Hodge filtration, so that one can choose

v/ Ke = Eg(X)

respecting the Hodge filtration such that dv’(w) = — A (w) on X. Now recall that one has a decom-
position E]]K(X) = H]}Q(X) P H]}Q(X)L, where ’H]}{(X)L is the space of K-valued 1-forms orthogonal to
H} (X) with respect to the inner product defined using the Hodge * operator. Recall also that the
projections Ef(X) — H(X) and EL(X) — HE (X)L preserve type. Define v to be the composition of
v’ and the latter projection. Since harmonic forms are closed, we have dv(w) = dv’(w) = — /A (w).
Note that condition (iv) holds trivially. We claim that v satisfies property (iii) as well. Let w € K.
Then /\(w) is exact and real, so that there is vi € E]1R(X) such that dvp = — /A (w). Let vg be the
component of v in H]}Q(X)L. Then dvg = dvg = — /A (w), so that v(w) — vg € ”H(]C(X)L is closed.
The desired conclusion follows from the general fact that a closed element of H} (X)* is necessarily
exact. Note that on the subspace K¢ the requirements of the lemma hold on all of X, not just U.

Definition of v on L¢: Define v on the subspace L¢ = C by v($p) = —ﬁagmw(d,). Condi-
tions (i), (ii) and (iv) hold by Paragraph 5.5. As for condition (iii), note that —d°g., A(¢) is real,
and

1 1

_Ragoo,/\(cb) + deGoo A(p) = —Rdgooﬂ(cb)-

g

If the point oo is not clear from the context, we will write v, instead of v. Note that the map
v is not natural; it depends on the choices of ¢ and v'.

TWe could have instead worked over Q here, as the Mumford-Tate group of X is reductive. But this would not result
in any major simplification.
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5.7. In this paragraph, we use Lemma 5.6.1 to construct a section sf of qc¢ : (Ln)c — (H(]C)®n
that is compatible with the Hodge filtrations, and also such that its composition with (L,)c —

( Lkz ) . is defined over R. This map is of crucial importance in the later parts of the paper.

By exactness of F'E'(Xlog o) in degree 2, one can (non-uniquely) extend the map v of the
previous paragraph to a map

¥: E'(Xlog co) ® E' (Xlog o) — E'(Xlog co)

respecting the Hodge filtrations and satisfying d(v(w)) = — /A (w) for every w € E! (Xlogoo) ®
E'(Xlogco). The differential graded algebra E'(Xlogoo) with the data of s(a,a’) = ¥(a ® a’)
for each a,a’ € E'(Xlogoo) satisfies the conditions of Section 4, and hence in particular for
WiyeuoyWn € ’H(]C (X), we have a closed iterated integral on U of the form

n—1
(24) J w71 W+ Z w1 - V(Wi ®@ wiy1) - - - wn + terms of length at most n — 2.
i=1

(See the construction of Section 4.) In view of (H}.)®™ = (H[.)®", we define the map sf : (HL)®™ —
(Ln)c by

[w1] ® -+ - ® [wy] — the iterated integral described above,

where w; € H(};(X) and [w;] denotes the cohomology class of w;. This is well-defined and linear
(see the final remark of Section 4), and in view of (23) it is a section of q¢ (of Paragraph 5.4). Also,
it is apparent from the construction of Section 4 that since v preserves the Hodge filtration F, so
does sr. That sf respects the weight filtration (over C) is obvious from W;,(L)c = (Ln)c. We have
proved parts (i)-(iii) of the following lemma.

LEMMA 5.7.1. There is a C-linear map sr : (H]C)®n — (Ly)c that satisfies the following prop-
erties:

(1) Given wi,...,wn € ’H}C(X), se([wq] ® -+ ® [wn]) is of the form (24).
(i) sris a section of q¢ : (Ly)c — (HE)®™
(iii) sf respects the Hodge and weight filtrations.
(iv) The composition

quotient

sp: (HE)®™ 25 (Ly)e (I_ )c
n—2
is defined over R.
PROOF. (of (iv)) We must show that if w € (H},)®™, then
L. L,
sp(w) € (Ln—Z)R C (Ln—Z)C)

or equivalently, sf(w) € (Ln)r + (Ln—2)c. It suffices to consider w = [w1] ® ... ® [wy], where the
w; € ’H]}Q(X). In view of Lemma 5.6.1(iii) and the relations (14) satisfied by iterated integrals, we
have

n—1
se(w) :J w1 ---wn+Zw1 S VR(Wi ® Wigr) - - wy + terms of length <n — 2.
i=1
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Applying the construction of Section 4 to the differential graded algebra Ej (U) with s(—, —) chosen
such that s(wi, wi11) = vr(w; ® wii 1), we get a closed element of go(E]'R(U)) of the form
—1

(w1l Jwn) + (w1l [vR(wi ® wig)]- - |wn) + terms of length <n — 2,
1

=

o
Il

and hence an element of (L,,)r of the form
n—1
J w1 --~wn+Zw1 S VR(Wi ® Wigt) - wp + terms of length <n — 2.
i=1

This differs from sf(w) by an element of (L,_2)c, giving the desired conclusion. O

5.8. Let q¢ be the isomorphism of vector spaces

(Jm ) = (M)
n—-1/¢C

induced by qc. Let s¢ be the composition

(%Wimmww<“>.
I—n—l C

Then sf is the inverse of q¢. By the discussion of Paragraph 5.4, q¢ restricts to an isomorphism
of the integral lattices. It follows that the same is true for Sg. Moreover, sf is compatible with
the Hodge and weight filtrations (because so is s¢), and hence is a morphism of mixed Hodge
structures. In view of strictness of morphisms in MHS with respect to the Hodge filtration, q is
also compatible with the Hodge filtration. The following statement follows. (Compatibility of q¢
with the weight filtration is obvious.)

COROLLARY 5.8.1. The map qc induces an isomorphism of mixed Hodge structures

|

—. 1\®&n
q.an—)(H) .

In the interest of keeping the notation simple, here we did not incorporate n in the notation
for q. When there is a possibility of confusion, we will instead use the decorated notation q,, for
the isomorphism given in Corollary 5.8.1.

REMARK. (1) Note that in particular this says even though the mixed Hodge structure L;;, may
depend on the base point e, the quotient Gr\' L, = TL:] does not. In fact, it does not even depend
on the point co we removed from X. It is true in general that for any smooth connected complex
variety the quotients Li] are independent of the base point. See (3.22) Remark (iii) of [23].

(2) It follows from the above that the map qc is also compatible with the Hodge filtration, and that
(21) is a short exact sequence of mixed Hodge structures.

(3) We should clarify that Corollary 5.8.1 is not a new result. For instance, it can be deduced from
the ideas behind Remark (iii) of Paragraph (3.22) of [23]. Here we included a proof as it was easy

to do so with the section sf at hand, and in the interest of making the paper more self-contained.
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6. The extension E7°,
6.1. Let A be a mixed Hodge structure with torsion-free Az. The kernel of the surjective map
Homy(Az,R) — Homy (A, R/7Z)
induced by the natural quotient map R — R/Z is Homgz(Az, Z). Putting this together with
Homg (Ag,R) = Homy(Az, R),

we obtain
HomR ( AR y R)

Homgz(Az, Z)
Now suppose A is pure of odd weight. Then so is A, and

Vi (i) HOI].’IR(A]R,R)
- Homgz(Az,Z)

= Homz(Az, R/Z)

]A = Homz(Az,R/Z).

Unwinding definitions, we see that given f : Ac — C defined over R, the class of f in JAY corre-
sponds under the identification to the composition

(25) Az "M A LR S R/Z
in Homz(Az,R/Z).
6.2. LetH;:= (H"Y. We identify (Hj)z with H;(X,Z) (the singular homology). One has an
isomorphism of Hodge structures H'(1) = H; given by Poincare duality
PD : H'(1) = Hy, [w] = J[w]A—,

X
where w is a smooth closed 1-form on X. This gives for each positive n an isomorphism

PD®n . (H1)®n(n) . H(]@n ~ (H1)®—n)
given by

[wi] @ -+ @ [wn] = PD([wi]) @ @ PD(lwn]) = ([w{] ®- - ® lwpl = Hj[wd/\[w{]) :

We have
Carlson (Par. 2.3)
Ext ((H1 )®n, (H] )®n71) ~ ]HOIII ((H1 )®n) (H1 )®n71>

Lemma 2.2.1(a)
= JHom ((H)®" @ (H)®' ™, Z(0))

P2 Hom ()P e (Y (1), 200)
Lemma 2.2.1(f)
(26) E (CU i

Let ¥ be the composition isomorphism

Ext ((H1 )®n) (H] )®n71> . I((H1 )®2n71 )\/'
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We denote by @ the isomorphism
J((H) )Y — Homy, ((HE)®" ", R/Z)

given by Paragraph 6.1. (To make the notation slightly simpler we did not include n as a part of
the symbol for the maps @ and V. This should not cause any confusion as n will be clear from the
context.)

n

6.3. Definition of ET°.. Letn > 2. In this paragraph, we use 3 to define an element

n—2
EZ, € Ext((HN)®", (H)®™ ).
It follows from Proposition 5.3.1 that the weight filtration on — is given by
n—2
Lno L
anl = 0, Wn,] == ! y and Wn = n .
Lao Lno
The filtration gives rise to the exact sequence
0— Ent — Ln quotient bn — 0,

Lho2 Lho Lo

Lo

where tis the inclusion map. Using the isomorphism of Corollary 5.8.1 to replace "= (resp. LE—:)

by (H")en-! (resp. (H)®M), we get the exact sequence

(27) 0 (H1 )®nf1 i q (H1 )®n 0.
L
n—2

Herei=(q ~1, and q is the composition

Ln quotient Ln
—> —_
Ln—Z Ln—]

Let EX°, € Ext((H")®™ (H')®"1) be the extension defined by the sequence (27).

T (Hh#m,

REMARK. One can deduce from a theorem of Pulte [28] that the map
X(C) —{oo} — Ext((H")** H')
defined by e — EZ, is injective.

Our goal in the remainder of this section is to describe the images of E¢%, under ¥ and ® o V.
To this end, in view of Paragraph 6.1 and Paragraph 2.3, we will define an integral retraction of i

and a Hodge section of q defined over R. (See (27).)

6.4. An integral retraction of i. In this paragraph, we define an integral retraction r7 of i, i.e.
a linear map

L _
Tz (L ") — (HE)®™
n—2

defined over Z, that is left inverse to i.
Choose B1,...,B2g € m (U, e) such that the [3;] € H;(X,Z) form a basis. To define an element
of (H{)®™ 1, it suffices to specify how it pairs with the elements [B;,]®- - - ®[B;, ,] of Hy(X,Z)®™ .
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Moreover, an element of (H(]C)‘@“_1 is in (H]Z)(X’“_1 if and only if it produces integer values when
pairing with the [(3;,] ® - - - ® [B;,_,]. Given an element

f:JZWi + (Li2)e € (+—)o,

where w; is a sum of terms of length 1 and the iterated integral is closed, set 17(f) to be the element
of (H:)®™! satisfying

(28) B, ® @ [By, ] (rz(f)) = J S wi.
(B, —1)—(Bj,_,—1) =T
Note that
J Z Wi = J Wn + Wn_1.
(Bj, ~1)(Bj,_,—1) =M (Bj, ~1)(Bj,_,—1)

n

Since (L,_,)c vanishes on I, 1 is well-defined. Moreover, 7 is defined over Z, for if f € ( V7.,

n—2
the iterated integral [ >~ w; can be chosen to be integer-valued on 7 (U, e), and hence (28) is an
integer. Finally, we check that 7 is a retraction of i. In view of Lemma 5.2.1 and the formula (23)
for qc, if wi, ..., wy 1 are smooth closed 1-forms on X, i([w1] ® ... ® [wn_1]) is of the form

Jw] --- Wn_1 + lower length terms mod (L,.—)c,

where the iterated integral is closed. We have

Bl ®-® By ] (rzoillw]®-®lwnil)) = J @y Wy
(Bj; =1 (By,, ;=1
- J wiy - J Wn—1,
BJ] Bjn—]

which is the same as
Byl @ @[, ] (lwr] @ @ [wn]),
as desired.

REMARK. The retraction 7 is by no means natural, as it depends on the choice of the (3;.

6.5. Description of the images of ET°. under ¥ and ® o V.

PROPOSITION 6.5.1. The map sr (defined in Lemma 5.7.1(iv)) is a section of q : (LTLiz o —
(HL)®™ defined over R that respects the Hodge and weight filtrations.

PROOF. This is immediate from Lemma 5.7.1 (ii), (iii) and (iv). g

PROPOSITION 6.5.2. (a) Y(ER,) is the class of the map that given ¢ € (HE)®™, d € (HE)® T,
it sends ¢ ® d to PD®"1(d)(rz o s¢(c)). More explicitly, if 3; € (U, e) (1 <j < 2g) are
such that {[$3;]} is a basis of H;(X,Z), and wy,...,w, € H&(X), Y(EDS) is the class of the
map that sends

(w1] @ -+ @ [wa] @ (PDE )[R, ] @ -+~ @ [Bj,_,])
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to
SWp + Z Wi V(W ® Wigry) - Wh.
(Bjy=1)(By_q—1)
(b) ®oW(ER?,) is the map that given c € (HL)®™, d € (H},)®™, it sends c®d to PD®™1(d)(rz0
sf(c)) mod Z. More explicitly, for y; € (U, e) (1 <j <n—1),and wy,...,wn € ”HI]R(X)

with integral periods, @ o ‘{’(Eﬁf’e) sends

(Wil @ @ [wn] ® (PD ) (Y] @ -+ @ [yn )
to
-Wn + Z wi- - v(w ® wipq) - wn  mod Z.
(yi=1)(yn-1-1)

PROOF. (a) We track E¢?, through different steps of (26). The element in JHom (Hh®™ (HY)enT)
corresponding to EZ%, under the isomorphism of Carlson is the class of vz o 5. (See Paragraph 2.3.)
That the latter goes to the described element of J((H")®2=1)V is clear. For the second assertion,
define 7 using the 3;, and then the assertion follows on noting that r7 o s¢([w1] ® - - - ® [wy]), by its
definition, pairs with the element [3;,] ® --- ® [B;, ,] € (H1)$"" in the desired fashion. (See (28)

and Lemma 5.7.1(i),(iv).)
(b) The section s is defined over R, and hence so is r7 o s¢. Thus the map

c®d— PD®(A)(rz o s¢(c))

of Part (a) is also defined over R. The first assertion follows. The explicit description of Part (a)
implies that (with 3; as in Part (a)) ® o Y(E7’,) sends

[wi] @ @ [wa] @ (PDE D)7 ([By ] @ -~ @ (B, ])
to
-Wn + Z Wi v(w ® wisg) - wn  mod Z.
(B]*] _])(ﬁ]ni] - )
To get the basis-independent formula, in Hy (X, Z)®™! we write
l®- - ®lynal = Z Citrina B ] @ @ By, ],
j]»---»jn71
where the coefficients are all integers. In view of the isomorphisms (18) and (19), the element
A=yi=1)(yna = 1) = Z Cjtyngn (Biy = 1)+ By — 1) € In_]»
J1yeemin—1

where I € Z[m (U, e)] is the augmentation ideal, actually belongs to I". Thus

J wn+Zw1 V(Wi ®@ wiy1) - wn:le"'wnGZ)
A A
as A € I"™ and the w; have integer periods. This gives the desired conclusion. O

REMARK. (1) The use of a basis in Part (a) of the proposition is just to make the map well-
defined.
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(2) Let K be the kernel of the cup product H' ® H' — H?(X). The map @ o Y(EY.) can be thought
of as an analog of the pointed harmonic volume

I. € Hom(Kz ® H},, R/Z)
of B. Harris [24]. Pulte [28] showed that I corresponds under the isomorphisms

Carlson Poincare duality
Ext(K,H') = JHom(K,H") = JHom(K ® H', Z(0)) = Hom(Kz ® H},, R/Z)
to the extension
L L L
0 — (X L Xe) LXe) — 0
0 1
(29) 2 ° 2|
H! K

6.6. In this paragraph we will use Proposition 6.5.2 to express the extension E7° in terms of
]Ezoe. Foreach 0 <1< n,let

(HDY® T @ B, @ (HN®™ 1 € Ext((HD)®", (HN)*" )

be the extension obtained by tensoring E5 € Ext((H")®2, H") on the left with (H')®*! and on the
right with (H)®n=1-1:

(30)
0 — ()& TgH @ HN)E1- 1811 (H1)®i—1®%®(H1)®n—1—i 18981 (HNE o (HN)®2g(HNE1— 0,
0
PROPOSITION 6.6.1. Given wq,...,wy € Hﬂ{(X) with integral periods and y; € m (U, e) (1 <

j <n—1), the map
Do W((HY* ' @ B @ (H)®™ 71 1 (Hp) ! — R/Z

sends
(w1l @+ @ [wn] ® (PDE ) Nyl @+ @ byn1])
to
i—1 n—1
H J We J(wiwi+1 +v(w; ® wig)) H J wer1 mod Z.
=1y, vi t=i+1y,

PROOF. The map

i i ; L )
1 ® sp ®1: (H1)®171 ® (H1)®2 Q (H1)®n7171 - (H1)®171 Q =2 ® (H1)®n,171

Lo
is a Hodge section of the map 1 ® q ® 1in (30). The map
. L . . .
11731 (H1)®171 & fz ® (H1)®n7171 . (H1)®171 ® H] ® (H1)®n7171
0

is an integral retraction of 1 ® i ® 1 in (30). Thus the extension (HHh®H & Efe ® (HN®"11 a5 an
element of JHom((H")®", (H")®"1) is represented by the map

1 ® (TZ OBF) ® 1- (Hl )®i*1 ® (H1)®2 ® (H1)®nf1fi - (H1)®if1 ® H] ® (H1)®n71fi.
It follows that W((H")®"1 & E5 ® (Hh)en—1-1) s represented by the map that sends
(31) (w1l @+ @ [wn] @ (PDE ) ([By] @+ @ [By,,])
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(with {Bj}j2£1 C m (U, e) used to define 1) to

(IBs,] @ - @ B, Dllw1] @ - - - @ [wiq] @ (17 0 5¢) ([wi] ® [wip1]) ® [wip2] @ -+ @ [wn]
i—1 n—1

3 =11 J wg J(wiwiﬂ +v(wiowin) ] J Wes -

=1 {=i+1
Bj, Bi; L Bjg

This representative map is defined over R (as 1z o sf is defined over R), thus it can be used to
calculate @ o Y((H")®1 @ ESS ® (H")®n=1-1): the latter map sends (31) to (32) mod Z. A similar
argument to the one for Proposmon 6.5.2(b) can now be used to verify the basis independent
formula. O

COROLLARY 6.6.2. We have
n—1
(33) E?L?e _ Z (H1)®i—1 ® ES?e ® (H1)®n—1—i‘
i=1

PROOF. For w; (1 <1 < n)harmonic forms and y; € (U, e) (1 <j <n—1), we have

n—1i-1 n—1

Z H J Wy J(w1w1+1 + V(wl & w1+1)) H J We1

== =41y
n—1i-1 n—1 n—11i n—1

= ije [ wiwir TT [wen + ZHJ [ V@) TT [ wes
=1 =1 W =i+, ==l 5 (=it1y,

(13) —

= J Wy wy F Z W1 - Wi V(Wi @ Wig1) Wit W
(vi=1-lyn_1-1) S 1)y =)

Thus in view of Propositions 6.6.1 and 6.5.2(b), the two sides of (33) coincide after applying @ o
Y. O

7. Algebraic cycles A and Z7°,

7.1. Notation. Given a variety Y over a field K, Z;(Y) (resp. Z'(Y)) denotes the group of al-
gebraic cycles of dimension (resp. codimension) i (i.e. the free abelian group on the set of irre-
ducible closed subsets of Y of dimension (resp. codimension) i). The Chow group CH;(Y) (resp.
CH'(Y)) is Zi(Y) (resp. Z'(Y)) modulo rational equivalence. As usual, Z(Y) = @ Z'(Y) and
CH(Y) = & CH'(Y). Notation-wise, we do not distinguish between an algebraic cycle and its
class in the corresponding Chow group. Given Y and Y’ of dimensions d and d’, the group of
degree zero correspondences from Y to Y’ is Cor(Y,Y') := Z4(Y x Y'). If f : Y — Y’ is a morphism,
the graph of f is denoted by T7; it is an element of Cor(Y,Y’). We use the standard notation (lower
star) for push-forwards along morphisms. Given algebraic cycles Z € Z;(Y) and Z’ € Z(Y’),
Z x Z' € Zi5(Y x Y') denotes the Cartesian product. Given Z € Z;(Y x Y’), 'Z is the transpose
of Z; it is an element of Z;(Y’ x Y). Finally, if Y is a smooth variety over a subfield of C, Zihom(Y)
(resp. CH®™(Y)) refers to the subgroup of null-homologous cycles in Z;(Y) (resp. CH;(Y)).

7.2. A construction of Gross and Schoen. In this paragraph, we recall a construction of Gross
and Shoen [19]. Let m be a positive integer. By convention, we set X° = Spec C. For (possibly
empty) T C {1,...,m}, let pr : X™ — X/Tl be the projection map onto the coordinates in T, and
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qr : X' — X™ be the embedding that is a right inverse to pr and fills the coordinates that are not
in T by e. For instance, if m =3 and T = {2, 3},

p q
(x1,%2,%3) = (x2,%3) and (x1,%2) ¥ (e,%1,%2).

In general, the composition qt o pt : X™ — X™ is the morphism that keeps the T coordinates
unchanged, and replaces the rest by e. Let

Pe=Y (=1)TTy op, € Cor(X™, X™),
T

where T¢ denotes the complement of T. For the proof of the following result, see [19].

THEOREM 7.2.1. If i < m, the map (P)! : Hi(X™) — H;(X™) induced by P, on homology is
7Zero.

Let (Pe). be the push forward map Z(X™) — Z(X™) defined by the correspondence P.. Then
(Pe)s =Y (=1)TI(qr o pr)..

=
In view of commutativity of the diagram
(Pe)x
Z(X™M) Zi(X™)
‘ (Pe)} }

Hi (X™, C) —— Hyi(X™, C),

where the vertical maps are class maps, it follows from the previous theorem that if 2i < m, then
(Pe)e(Z:(X™)) € Z07™(X™).

This gives a way of constructing null-homologous cycles.

Example. For m > 2, denote by A(™ (X) the diagonal copy of X in X™, i.e.
{(xy%,...,x) :x € X} € Z1(X™).

For m > 3, by the previous observation, the modified diagonal cycle (Pe). (AM(X))is null-homologous.
As it is pointed out in [19], this cycle has zero Abel-Jacobi image if m > 3. On the other hand, if
m = 3, this cycle, which was first defined by Gross and Kudla in [18] and then studied more by
Gross and Schoen in [19], is well-known to be interesting. It is easy to see from its definition that

(P (AP (X)) = AB(X)—{(e,x,x) :x € X} —{(x,,x) : x € X} —{(x,%,€) : x € X}
+{(e,e,x) :x € X}+{(e,x,e) : x € X} +{(x,e,e) : x € X}

We denote this cycle by Agks,. , the modified diagonal cycle of Gross, Kudla, and Schoen.
Note that

(Pe)« (AP (X)) = AP (X) —{e} x X — X x {e},

which is homologically nontrivial.
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7.3. Letn > 2. In this paragraph, we use the construction of Gross and Schoen to define a
null-homologous cycle A, . € 2, (X1, which will play a crucial role in the remainder of the
paper. We use the notation of Paragraph 7.2 with m = 2n — 1.

For 0 <i<m,let§;: X! — X" be the embedding

(X1y e ey Xna1) = (X150 e oy X4y Xiy o v oy Xno1)-
Then 'Ty, € Z,1(X*™ 1), and thus (P.).('Ts,) is null-homologous. We define

Ane = (Pe)« (Z(—Ui_] tF&) =3 (=17 (Pe)u('Ts,) € ZRop (x> ).

i i

It is clear from the definition that A;  is simply the modified diagonal cycle Axgs . of Gross, Kudla,

and Schoen in X3.

7.4. Inthis paragraph, we realize the cycle A,, ¢ as the boundary of a chain. This will be useful
later when we study the image of A,, . under the Abel-Jacobi map.
Let A,, be the closed subvariety

{(x1, X1, X1, X2y X2y + oy Xn—1, Xn—1) 1 X3 € X}

of X>"~1, where each x; (i > 1) is appearing in exactly two coordinates. It is a copy of X"~! embed-
ded in X! via the map

(X1y ey Xno1) = (X1, X1, X1, X2, X2y + + s X1y Xn—1),
and can also be thought of as an element of Z,,_; (X1 Ttis easy to see that

n — 2 factors

(34) (Pe)s(An) = Age x (Pe)x(AP(X)) x -+ x (Pe)L (AP (X)).

Let 97 (A,¢) be an integral 3-chain in X3 whose boundary is A; .. (See for instance the proof of
Lemma 2.3 of [7] for such a 3-chain.) Then (P.).(Ay) is the boundary of

n — 2 factors

07 (Age) X (Pe)(AP(X)) x -+ x (Pe)u(AP(X)) =: 07" (Pe)u(An)-

It is clear that each 'T;, is a copy of A,,. Specifically, 'Ts, = (01)«(An) where o; is the automorphism
of X1 that sends (x1,...,Xm_1) tO

(X4) X6y oo oy X21y X1y X2y X2{42y X2i44y -+« y X2n—2y X5y X7y « oy X2i41y X3y X2i43y X2{45y + - + y X2n—1 )
LEMMA 7.4.1. (P¢). and (o7). commute (as maps Z(X*"1) — Z(X ).

PROOF. With abuse of notation, suppose o; is the permutation of 1,2, ...,2n — 1 such that

O1(X1y s Xan1) = (X1 (195 X1 (2)5 -+ +3 X (2n1))-
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Then for each subset T of {1,2,...,2n — 1}, qropro 0y = 010 g 17 0 p,-—17. We have

(Pe)so(0i)s = (Z(_])TCI(qT OpT)*> (01)«

-
= Y (=)™ (groproay,
-
- Z(_])‘TCI(Gi © qot’]T ° pO'.’]T)*
T ' '
= (Gi)* (Z(])Tq(qgi]Topgi‘T)*)
T
= (01)x 0 (Pe)«
O
It follows from the lemma that
(35) (0« ((Pe)u(An)) = (Pe)s ('Ts,),
and hence

0 ((00).(07" (Pe)e(An))) = (Pe). ('Ty,).

REMARK. In view of (34), (35) and definition of Ay, ¢, if A . is torsion in CH%‘Om(X3 ), then so is
Ane in CHROT (X2 1) for every n.

7.5. In this paragraph, we define another family of null-homologous cycles that will be used
later on. Letn > 2. Giveny € X(C), for 0 < i< n, let Zﬁ»i € Z, 1(X* 1) be
{(X1,.. X1y Xy X4y Xig Ty e o oy X1y X1y e o oy XieTy Yy Xig1y - ->Xn—1) XlyeeeyXn—1 € X}.

Here each x; appears in exactly two coordinates. There are different ways of thinking about this
cycle. For instance,

Zl{iyi = (ﬂn-i-i,y)*tréi)
where 7,11, is the map X! — X2~ that replaces the (n + 1)-th coordinate by y, and keeps the
other coordinates unchanged.

It is clear that the cycle Z3°, — Z7 ; is null-homologous. For future reference, here we explicitly
define a chain whose boundary is 2 — Z7 ;. Choose a path y¢® in X from e to oo, and let

C i= AP X 5 y2 = {(%1,X1, - -, Xn1, X1, Y22 (1)) 1 % € X, t € [0, T}
One clearly has
aCe2, = AP(X)™! x {oo} — AP (X)™T x {el.
For 0 < i < n, let 1; be the automorphism of X1 that maps (X1, ...,Xn—1) to
(X1,X3y ..+ y X2(i=1)—1y X2i—1y X2iy X2(i41)—Ty + « + 5y X2(n—1)—15 X2y Xdy « « « y X2(1—1)» X2n—1y X2(i+1)y + - + aXZ(nfl))a
which is designed so that
(v (AP0 x () =23,
for every y. Then
(36) (i)« (CRe) = Z55 — Z 1
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We put together all the foji — Zfl’i and define
n—1
Z2, =) (-DVNZE - Z8;) € Zhor ().
i=1
7.6. While we worked over C in this section, it is clear that the constructions of A . and L3
remain valid over any field K that can be embedded into C. More precisely, if X, is a geometrically

connected smooth projective curve over K, and e, co € X,(K), the above constructions give null-
homologous cycles Ay e and Z77 in Z;,_; (Xén_1 ) (or in CH,,_; (X(Z)n—l )).

8. Statement of the main theorem

Our goal in this section is to state the main result of the paper, which expresses the extension
Ef’e in terms of the Abel-Jacobi images of the cycles Ay . and Z77.

8.1. Review of Griffiths’ Abel-Jacobi maps. Let Y be a smooth projective variety over C. The
n-th Abel-Jacobi map associated to Y is the map'

AJ : ZRom(Y) — THM (Y)Y

V

defined as follows. First note that the restriction map (H&"'(Y))" — (F*THZ! (Y))v gives an

isomorphism

(FnH HZnH (Y))V

Hon1(,2)

where an element of Hj,,1(Y,Z) is considered as an element of (F““ H2nH! (Y))v via integration.
Thus we can equivalently define AJ as a map into

(Fn+1 H2n+1 (Y))\/
Hon 1 (Y, Z)

Given a null-homologous n-dimensional cycle Z on Y, there is an integral chain C such that 0C = Z.
Given ¢ € F*TH2M1(Y), take a representative w € F**! Eé"“ (Y), and set

fo-

C C

JHZT‘L-H (Y)V ~

One can show that this is independent of the choice of w. Then

(FnH H2n+1 (Y))V
Hon 1 (Y Z)

AJ(Z) €
is defined to be the class of the map

oo o

C
The ambiguity in having to choose C is resolved by modding out by Hyn11(Y,Z). If one insists
on having AJ(Z) € JH21 (Y)Y, it is the class of any map Hé““ (Y) — C whose restriction to

FPTH2 1 (Y) is the map | above.
p

C

"That our notation for this map does not incorporate Y or n should not lead to any confusion.
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One can show that AJ factors through CHﬂom(Y). The induced map
CH?lom(Y) N JHzn+1 (Y)\/

is also called Abel-Jacobi, and with abuse of notation we denote it by AJ as well.

8.2. Notation. We adopt the following notation for the Kunneth decomposition of cohomol-
ogy. Given manifolds M and N, we think of H'(M) ® H/(N) (singular or de Rham cohomology)
as a subspace of H'"/(M x N). Given ¢ € H'(M), d € H/(N), the element ¢ ® d of H"7(M x N) is
pri(c)Apr3(d), where pr; the the projection of M x N onto its ith factor. We adopt a similar notation
for differential forms: given w and ¢ differential forms on M and N, we refer to the differential
form pri(w) Apri(¢p) on M x N by w ® ¢. Similar notation is used for more than two factors.

8.3. Forn > 1, let h, be the composition of the Abel-Jacobi map
CHE()_D]&(xZTlf] ) N JHan] (X2n71 )\/
with the map
IHanl (ini] )\/ N ]((H] )®2n71 )V

induced by the Kunneth inclusion (H)®=T « H2v- T (X231, Tt is easy to see from definitions that
if Z € ZEQT(XZ“*I) and C is an integral chain in X?=1 whose boundary is Z, h;,,(Z) is the class of
the map that, given harmonic 1-forms wy, ..., w,—1 on X, it sends

(37) (W] ® - @ [wan_1] HJLLH ® @ Win_1-
C

Note that hy is just the “classical” Abel-Jacobi map CHgom(X) — J(HNV.
If Z and C are as above, since the map (37) is defined over R,

©(hn(2)) : (HE) "1 - R/Z
is the map that, given harmonic forms wy, ..., wy,_1 on X with integral periods, it maps

(W] ® -+ @ [wan_1] — Jun ® - ® wi_1 mod Z.
C

(See Paragraph 6.1 and Paragraph 6.2.)

8.4. Now we are ready to state the main result.

THEOREM 8.4.1. Letn > 2. We have

n(n

(38) WES) = (1) hy (Ane — Z2%).

When n = 2, a slightly weaker version of this is due to Darmon, Rotger, and Sols [7]. (See the
next section.)
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9. n = 2 case of Theorem 8.4.1 - A formula of Darmon et al revisited
9.1. Independence of —W(Efe) + hz(ng’e) from oco.
LEMMA 9.1.1. The element —‘P(Efe) + hz(Zﬁ) is independent of the point co # e, ie. if
001, 007 # €, then
—‘P(Efe‘) + hz(Z;’f’e‘) = —W(e;’ez) + hz(ZZOeZ).
PROOF. Let co7,00; # e be distinct. After passing to Hom ((H1Z)®3,R/Z) via @, in view of

Proposition 6.5.2(b), we need to show that if w, p,n are harmonic forms with integral periods on
X, and vy, € m (X —{oo1, 002}, €) is such that its homology class in H; (X, Z) is PD([n]), then

01 002
—pr—i—vw](w@p) + Jw/\p Jné—pr—i—vooz(w@p) + Jw/\p Jn,
¥n X e Yn X e
or equivalently
001
(39) - [ve(@ o) = vmlwmp) + [wAp [nez,
Yn X 002

where the integrals of 1 are over any path in X with the specified end points. Fix w and p. For
brevity we write v; for v, (w ® p). Note that if w /\ p is exact on X, then the statement clearly
holds, as then v; € ?-[<]C(X)L and vi — V3, being a closed element of HJC(X)L, is exact, so that the
number above is simply zero. (See the proof of Lemma 5.6.1.) So we may assume w /\ p is not exact
on X. Then the 1-form v; — v; satisfies the following properties:

(i) It is meromorphic on X, holomorphic on X — {01, 002}, with logarithmic poles at co; and
ooy with residues 5= and —5 respectively for some integer a # 0.

(ii) Its cohomology class in H' (X — {007, 005}) is real, i.e. it can be written on X — {co1, 00, } as
the sum of an exact form and a real closed form.

Indeed, (i) follows from that both v; and v, are of type (1,0), and dv; = dv) = —w Apon X —
{oo1, 002}, so that v — v, is holomorphic on X — {co7, 002}. For the behavior at oo, note that v; €

E'(X log coi). The statement about the residues is immediate from Lemma 5.6.1(iv) (a = [ w A p).
X
Statement (ii) follows from that each form v; can be written as a real form on X —{oo;} plus an exact

form on the same space. (See Lemma 5.6.1(iii).)
The statement (39) now follows from the following lemma. O

LEMMA 9.1.2. Let 001,00, # e, and ( be any 1-form satisfying conditions (i) and (ii) above.
Then for any harmonic 1-form 1 on X with integral periods,

001
—JC+aJneZ,
Yn 002

where v, € (X — {001, 002}, €) satisfies PD([]) = [yy].
PROOF. First note that the integral )f( ¢ /Am converges for any 1 € H(X), as the integral of 424
converges on the unit disk in C. Thus one gets amap h : Hl. — C given by ] + [ {/\1. We claim
X

that this map takes integer values on H},. Note that since h vanishes on F'H', by the remark in
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Paragraph 6.1, it suffices to show that it is defined over R. Supposen € H}(X) has integer periods.
The claim is established if we show h([1]) is real. We may assume that the map

(40) Jn ‘H1(X,Z) = Z

is surjective, and that y, € m(X — {007,002}, e) (Poincare dual to [n] in H;(X,Z)) has a simple
representative loop, which we also denote by vy. One can show that there is a Riemann surface X,
a covering projection 7 : X — X, and a deck transformation T of 7t such that

- 71 = df for a real function f on X.

- fT — f is the constant function 1.

- There is a lift ¥, of vy, and a submanifold with boundary X% of X such that 9X!® =
Ty — ¥n, and the restriction of 7t to X0 — 9X(® is an isomorphism of Riemann surfaces
onto X — yy.f

Now let for each i, D; be an open disk around oo; in X, small enough so that D; N D; = () and
D;iN Yn = 0 (bar denoting closure). Denote by co; and D; the lift of co; and D; in X%, Then we
have

J (AN = J AT = J —df AT*C
X—D7UD;, X(0)_p,uD, X(0)—-D,uUD,
= J —d(f* ()
X(O)—D]UDZ
= — J frr*
a(X(o]—D1UD2)

i

I
%

Yn—T¥n +0D;+0D,
= J "¢ + J f* .

T/TlfT‘Y/T] 8131 +aD2

It follows that
can=-[cr | ome
X-D;UD, Yn 9D+0D;
We would like to know what happens as D; — {ooi}. Write
J fTC*C = J f(Obi)ﬁ*C + J (f — f(Obl)) 7'[*(:.

aD; aD; oD

Such a covering projection is obtained by taking a copy X'V of X for each integer i, “cutting” the X' along y.,, and
then gluing X to X“*!) appropriately along .. The deck transformation simply sends a point in X'*) to its counterpart
in X1,
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Since ( is holomorphic on D;—co; witha pole of order 1 at co;, and f—f(co;) is smooth and vanishes
at oy, the second term goes to zero as D; — {o0i}. The first term is equal to 27tif(co; )resq, (¢). Thus

(41) jmn —— J ¢ + a(f(Gor) — f(coa)).
X Yn

The second term on the right is real as a and f are real. The first term is also real because the
cohomology class of ¢ in H' (X — {007, 00,}) is real. Thus the claim is established.

Now it is easy to conclude the lemma. Let 1 be as described in the statement. Without loss
of generality we may assume that (40) is surjective, and that v, has a simple representative loop.

Then we know (41), and hence
007

Z
[ernZ—fcsaln
X Yn 002
The left hand side (which is h(n)) is an integer. O
9.2. When n = 2, Theorem 8.4.1 asserts that
(42) Y(ET,) = ha(—Age + Z3%).

This is a slightly stronger version of a theorem of Darmon, Rotger, and Sols [7, Theorem 2.5]. Their
result can be stated as to assert that, for every Hodge class & of (H')®?, one has

(43) ETWES)) =& (ha(—Age + Z53)),

where £ : J((HN)®3)Y — J(H")Y is the map that sends [f] + [f(§ ® —)] for any f € ((HJC)®3)\/.
(This is well-defined because & is a Hodge class.)

Let {B;}; C m(U,e) be such that {[3;]}; forms a basis of H;(X,Z). For each j, let n; be the
harmonic form on X such that PD([n;]) = [B;]. In view of our description of ‘P(Efe) given in
Proposition 6.5.2, (43) is equivalent to that if & = ) [w;] ® [pi] with w; and p; harmonic forms on X
with integral periods, then the map H}. — C given by

;] — J D wi®pien + szipﬁr\/(é) - J éjnj

1Ay ! B AR(X) Y&

agrees on F! HJC with an element of (H7)z (so that it represents zero in J(H")Y). The latter is what
Darmon, Rotger and Sols show in [7].

The argument given in [7] combined with Lemma 9.1.1 indeed implies (42). To see this, note
that (42) is equivalent to that, for every & = [w] ® [p] € (H1Z)®Z, where the w and p are harmonic
forms on X with integral periods, the map H. — C defined by

] J wepon + pr+v(a) - J ajm

1Az B; AR(X) Y&

agrees on F! HJC with an element of (H;)z. This is exactly Theorem 2.5 of [7], except that here & is
not necessarily a Hodge class, but rather merely an integral class. However, the argument in [7]
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works just as well here too, as long as one can replace the point co by a point at which certain
technical conditions’ hold. Lemma 9.1.1 allows one to do thist.

9.3. We close this section by noting that applying the map @ to (42), we see that, if w, p,n
are harmonic forms on X with integral periods, and vy, € m1(U, e) is such that PD([n]) = [yy] in
homology of X, then

z
(44) J w®p®nE—J(wp+v(w®p))+Jw/\p Jn.
af]Az‘e Yn X €

(See Proposition 6.5.2(b).)

10. Proof of the general case of Theorem 8.4.1

Our goal here is to use the contents of the previous sections to prove Theorem 8.4.1inn > 3
case. In view of Corollary 6.6.2, it suffices to show that for 0 <i < n,

n(n

45) W ((HYF T @ES @ (H)O 1 70) = (=)™ Thy (Po)u(Tyy) — (255 — 25, ) -

(For the definition of I, 27, and other algebraic cycles, chains, and permutations that appear in
the calculations below see Section 7.) We will show that the two sides of (45) have equal images
under @. Let wy,...,wy and 1y,...,Mn—1 be harmonic forms on X with integral periods, and for

each j,yj € m(U, e) be such that [y;] = PD([n;]) in H; (X, Z). All equalities below take place in R/Z.

We use the notation [- - -|---] for - -- ® - - -, and for brevity denote w by m.
We have
D (hn ((Pe)«('T5,) ) ([an]-- - lwnml---nal) = J (w1l lwnmil- - Mn1]

(01)% (07T (Pe)«(An))
S R KRR R}
07T (Pe)«(An)
Recalling how o; permutes the coordinates of X™~!, we see this is
(1 J (il 1wt w1 1lwss 2l lwnfn 1

ail(Pe)*(/\n)
= (=1)ntm J [wilwiprmilwin |- - lwicimistlwisamizl - - - lwnmn_1]

(07TAz,6)x((Pe)x AR (X)

= (e J [wilwisini]

1Az, )

= (L J [wilwisini]

1Az, )

Ton the “positioning” of oo relative to 97 ' Az e
*In [7], a similar task is performed by Lemma 1.3, which asserts that our Lemma 9.1.1 holds after applying & '.
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as the other summands in (P.).A?)(X) do not contribute to the integrals. In view of (44), the last
expression is

o0 i-1
= (—1ntim ( J wiwit + v(lwilwi]) +Jwi A Wig Jm) HJ wj Anj ij Anj-

vi X p i=1x j=t+2x

o0 i—1 n
= (-n¥m ( J wiwiy1 + V(lwilwi]) + J Wi A\ Wit Jm) 1T J wj J]

=13  j=i+2

—.

Yi X e Yj Yi—1
Thus
(46) (=)™ D (hy ((Pe)u(Ts,) ) ([wil - lwntm] -+ na]) = (1) — (ID),
where
(1) = (leww]-f—\/ [wilwi 1] )HJ w; T J w
Yi =1y, j:i+2.y],71

and

oo i—1 n

(H) = le/\wl-‘r] Jni HJw] H J wj

2 =1y, j=i42y.
By Proposition 6.6.1,
(47) M= (¥ (HY"TQES @ H)™ 1)) ([wil-lwam] - nal).
On the other hand, in view of (36),

O (ha(Z =280 ) (lwil--lwnhmi] - fna)) = j [l -+ lewn il 1]

(1)« (CRe)

_ J(m*[wn~-|wn|m|~-|nn11,
Coo

n,e

which, in view of the definition of C7°, and on recalling how T; permutes the coordinates of X1,
is

i—1 n
= (_1)m+n+iJWiAwi+1 Jm Hij/\le H ij/\ﬂﬂ
X ve o JTXx J=iH2x
i—1 n
= (_])m+iJwiAwi+1 Jm HJ(U;' H J w;.
X ye o 3=y =ty

Thus
(48) O (ha(Zs—2Z55) ) ([wrl- - lwnml- - noi]) = (=1)™H(ID).

Combining (46), (47), and (48) we obtain (45).

REMARK. Let

n — 2 factors
n—1

A= Z(—Ul "(01)s (Age x AP(X) x -+ x AP(X)) .

i=1
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n . J—
(Compare with Ape = Y (=1)" (o) ( Agex ( (Pe)iAP(X) )" 2).) It is easy to see that
i=1
hn(AT’l’e) = hn(Ane): if w and n are harmonic forms on X, the integrals of w ® 1 over the di-
agonal A (X) and the modified diagonal (Pe)+ A (X) are the same. Thus in the formula (38), one

can replace Ay, ¢ by AT’l’e.

11. Two corollaries of Theorem 8.4.1
In this section we give two corollaries of Theorem 8.4.1. First we establish a lemma.
LEMMA 11.0.1. The map
(49) CHE™(X) = J(HN®™™ )Y oo —e s hyn(Z3,)
is injective.
PROOF. It is clear from the definition of Z7° that (49) is a (well-defined) group map. Now
suppose

D ha(Zd) =o.
j

We will show that } (ocoj — e) is zero in CHgom(X). Let n be a harmonic 1-form on X with integral

j
periods. In view of the isomorphisms

CHm(X) = J(H')" = Hom(H), R
0 = = Om( A /Z))

it suffices to show that
00;

Zjn € Z.

) e
We may assume that [ : H;(X,Z) — Z is surjective. Let w be a harmonic 1-form with integral

periods such that [ w An = 1. We shall use the notation as in Paragraph 7.5 and write
X

=Y (DTNZ - 28
i

On recalling the definition of the cycles involved in the equation above, one easily sees thatin R/Z,

O(ha () (W @M @ W) = O (23] — 28 1) (w @ 1" @ w2
00;
(n-3)(n-2)
=
e
The result follows from that ) © (hn(ZSf: L)) =0. O

)

We now give two consequences of Theorem 8.4.1. The first is in the spirit of Corollary 5.4 of
Pulte [28].

COROLLARY 11.0.2. The function
X(C) —{e} = Ext((H)®™, (H)*™ 1) oo B,

is injective.
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PROOF. Let co1,00; € X(C) —{e}. By Theorem 8.4.1,

n(n—1)
(1) 7 WET! —Eg2) = hal(Z32 — Z30) = ha(Z35,)-

n,o0

The result follows from the previous lemma. O

COROLLARY 11.0.3. Suppose X has genus 1, or that X is hyperelliptic and e is a ramification
point of X. Then EZ°, is torsion if and only if oo — e is torsion in CHE™(X).

PROOF. By results of Gross and Schoen [19, Propositions 4.5 and 4.8], A; . is torsion in each of
these cases. It follows that Ay, . is torsion for all n. (See the remark at the end of Paragraph 7.4.)
Thus by Theorem 8.4.1, E7%, is torsion if and only if hn(Z77,) is torsion. The desired conclusion
follows from Lemma 11.0.1. O

12. E7’, and rational points on the Jacobian

In this final section we assume that X, e, co are defined over a subfield K ¢ C. We show that

one can associate to the extension Eg’, a family of K-rational points on the Jacobian of X. This

generalizes Theorem 1 and Corollary 2 of [7]. Our approach follows the ideas leading to those
results, and generally speaking, is in line with Darmon’s philosophy of trying to construct rational
points on Jacobian varieties using higher dimensional varieties.

12.1. Recollection: Maps between intermediate Jacobians induces by correspondences. Let
Y (resp. Y’) be a smooth projective variety over C of dimension d (resp. d’) over C. Suppose
1 < d+ d’. One has natural isomorphisms

Y
HZl(Y % Yl)\/ ~ (@ HT(Y) ® Her(Yl)>

= PHom (H(¥),H*"(Y)Y)

Poincare duality
~ @ Hom <H2d7r(Y)\/) HZlfr(Y/)\/) (d)

T

Let Z € CHy(Y x Y’). Then the class cl(Z) of Z is a Hodge class in
HZ].(Y X Y,)\/)

which is given by integration over Z (or more precisely, the smooth locus of Z) if Z is an irreducible
closed subset. In view of the isomorphisms above, cl(Z) decomposes as a sum of Hodge classes in

Hom (HZd—r(Y)v) HZl—r(Y/)\/> _

It follows that for each 1, cl(Z) gives a morphism of Hodge structures

(50) H2 (Y)Y (1—d) = HET (Y)Y
If r is odd, this induces a map
(51) IHZd—T‘(Y)V — JHZd—T(Y)\/(l_ d) - ]HZI_T(Y/)V.

With abuse of notation we denote the maps (50) and (51) also by cl(Z).
Let m < d. The push-forward map

Ly : CHm(Y) — CHerlfd(Y/)
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restricts to a map
Z, : CHM™(Y) — CHR™ . (Y)).

One has a commutative diagram

AJ

CHE{)m(Y) ]HZer] (Y)\/

Z. cl(Z2)

CHhoﬂ LY AJ TH2M 212441 (y7)V
om —

(functoriality of Abel-Jacobi maps with respect to correspondences).

12.2. Fix a subfield K C C. We assume that the curve X and the points e, co are defined over
K. More precisely, suppose X = Xy xx Spec(C), where X is a projective curve over K, and that
e, 00 € Xp(K). Let Jac = Jac(Xp) be the Jacobian of Xy. Throughout, we identify

AJ
=]

Jac(C) = CHEo™(X) = J(H")Y.

Thus in particular, Jac(K) is identified as a subgroup of J(H")V. For a Hodge class & in (H!)®M—2
let

£ J(HERY (Y)Y
be the map [f] — [f(§ ® —)]. For an algebraic cycle Z € CH,_1(X3" %), we denote by & the
(H")®2"=2 Kunneth component of

Poincare duality

CL(Z) c Hén_z(xzn_z)\/ ~ Héﬂ.—z(xzn—Z).
THEOREM 12.2.1. Let Z € CH,_1(X§"2). Then
7' (W(ER,)) € Jac(K).

We should point out that this is not a priori obvious, as to get the extension E°, one first
extends the scalars to C. Note that varying Z, we get a family of points in Jac(K) associated to E3°,
parametrized by CH;_; (Xé“fz). When n = 2, the result is due to Darmon, Rotger, and Sols [7,
Corollary 2].

With abuse of notation, we denote the compositions

CHhOI?(Xén_] ) natmil)map CHhon]l(XZn—1 ) i]) ]HZn—1 (XZn—1 )v
n— n—
and
CHl%(in]l(Xén—1 ) natuﬂmap CHE(:H;(xZTL—] ) h J( (H] )®2n—1 )\/
by AJ and h, respectively. In view of Theorem 8.4.1 and the fact that both A;, . and L3, are defined
over K (see Paragraph 7.6), Theorem 12.2.1 follows immediately from the following lemma.
LEMMA 12.2.2. Let Z € CH,,_;4 (Xé“_z). Then the image of the composition

CHA (X) B3 ()21 5 J(H!)

lies in the subgroup Jac(K).
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PROOF. Denote the diagonal of Xy by A(X,). Let Z’ € CHn(Xé“) be such that its class in
HZn(XZn)\/
is the ((H"®2)Y Kunneth component of
cl(Z x A(Xo)) € HM(XPM)Y.,

Such Z’ can be explicitly constructed using the fact that the Kunneth components of the class of
the diagonal A(X,) are algebraic. We will show that the diagram

CHAR (™) = J((H!)o2n 1)

Z &'
- hy=AJ
CH"™ (Xo) J(H')Y
(52)
commutes. This will prove the assertion, as the subgroup Jac(K) of J(HNY is precisely the image
of CHEo™(X,).

By functoriality of the Abel-Jacobi maps with respect to correspondences, one has a commu-
tative diagram

AJ
C hom(Xén71 ) ]H2n71 (X2n71 )V

n—1
z! \cl(z’)
AJ
CHg™ (Xo) JHDY.

(53)

Thus to establish commutativity of (52), it suffices to verify the commutativity of

H2nT (2 1)V natural H1)®m-1)V
C projection

cl(Z’)[
£

(Hg)Y

)

(54)
where with abuse of notation E,Z] denotes the map f — f(&z ® —). Note that since
cl(Z) € ((Hp)®*M)Y c HE (X*M)Y,
we only need to verify commutativity on the direct summand
((ch)®2nf1 )\/ C Héni] (X2n71 )\/.
Letf € ((H]C)®2“*1 V. Suppose f is the Poincare dual of « € Hé“fl (X2 1), ie.
f(—) = J o/ —.
XZn—1

Then « lies in the Kunneth component (H(]C)®2“*]. Let € HJC. Unwinding definitions, in view of
the fact that c1(Z/) is the ((H")®?")V component of cl(Z x A(Xp)), we have

cUZ")()(B) = cUZ) (o ® B) = cL(Z x A(Xo)) (x @ B).
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Let , .
oc:Zocgl)®--~®oc§2_1.
Then
cUZNDB) = Y cUZx AKX () @@ ah) | ©p)
_ Gt (i
= D (g @@y, ) J 0Gn 1 /B
i X
— (1) (1) (i)
=2 J Ez N (" @ @ ag, ) J“Zn—] Ay
toyon-2 X
- T [ (aee o) e el AR
i x2n—1
= | anos
X2n—1
= f(&z®B).
Thus cl(Z')(f) = 5,21 (f) as desired. O

REMARK. It was pointed out to me by Darmon that the idea of constructing points on the
Jacobian of X, using Hodge classes in HZ2(X?) first arose in the work [32] of W. Yuan, S. Zhang, and
W. Zhang in the setting of modular curves.
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