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The results of this thesis can be divided into two parts, geometric and arithmetic.
Let X be a smooth projective curve over C, and e,co € X(C) be distinct points. Let
L, be the mixed Hodge structure of functions on 71;(X — {00}, e) given by iterated in-
tegrals of length < n (as defined by Hain). In the geometric part, inspired by a work

of Darmon, Rotger, and Sols [6], we express the mixed Hodge extension Eﬁf’e given by

n

the weight filtration on in terms of certain null-homologous algebraic cycles on

X*~1. These cycles are coslgiructed using the diagonal embeddings of X" into X™.

The arithmetic part of the thesis gives some number-theoretic applications of the
geometric part. We assume that X = X, ®x C and e, 0o € Xo(K), where K is a subfield
of C and X, is a projective curve over K. Let Jac be the Jacobian of X,. We use the
extension Y, to associate to each Z € CH,, 4 (X(z)“_z) a point Pz € Jac(K), which can be
described analytically in terms of iterated integrals. The proof of K-rationality of P
uses that the algebraic cycles constructed in the first part are defined over K. Assum-
ing a certain plausible hypothesis on the Hodge filtration on L, holds, we show that
an algebraic cycle Z € CH,,_;(X3™?) for which P; is torsion, gives rise to relations be-
tween periods of L,. Interestingly, these relations are non-trivial even when one takes
Z to be the diagonal in X2. In the elliptic curve case, we show unconditionally that a
certain relation between periods of L, (which is induced by the diagonal in X3) exists
if and only if e — oo is torsion.

The geometric result of the thesis in n = 2 case, and the fact that one can asso-

i1



ciate to [£3%, a family of points in Jac(K), are due to Darmon, Rotger, and Sols [6]. Our

contribution is in generalizing the picture to higher weights.
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Chapter 1
Introduction

The theory of the fundamental group in algebraic topology is strikingly beautiful and
simple. Things become even more beautiful once one leaves the category of topologi-
cal spaces and goes into categories whose objects carry more structure. Similar to the
cohomology situation, the theory of the fundamental group becomes extremely rich
once one considers varieties. In fact, now there are various compatible versions of the
fundamental group, each of which is a shadow, or a realization, of a single more ab-
stract object. This object, or rather the collection of its realizations together with their
compatibility data, is a wonderful source of arithmetic and geometric information.
The theory now is no longer simple as it was in the primitive topological setting, but
it is very powerful with deep connections and applications to various parts of mathe-

matics.

In this thesis, we will only work with the so called Hodge realization of the fun-
damental group. In very rough terms, to a smooth’ complex variety U and a point
e € U(C), one can associate a (or rather a direct system of) mixed Hodge structure(s).
More precisely, thanks to the works of Chen, Hain, Deligne, Morgan and others one

has, for each n, a mixed Hodge structure L, (U, e) with integral lattice

Z[Tﬁ (u) e)] v
e

where I C Z[m (U, e)] is the augmentation ideal. The filtrations (Hodge and weight)

TThe smoothness assumption is not necessary for some of the statements.
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are defined using the characterization of

\4
(@[m(u,eN) | W

In+1

where [ is again the augmentation ideal, as the space of closed (i.e. homotopy invari-
ant) iterated integrals of length < n on U. One has

I—] (uv e) = Z(O) D H] (U),

but the L, (U, e) are more complicated for n > 1. In particular, they may not be pure
even if U is projective.

There are two aspects of the Hodge realization of the fundamental group that are

of particular interest to us:

1. Connections to null-homologous algebraic cycles: Over the past few decades, a

number of connections have been found between the Hodge theory of the fundamen-
tal group and null-homologous algebraic cycles. See for instance [21], [25], [5], and the
expository paper [19]. More recently, Darmon, Rotger, and Sols in [6] considered the
extension L L L

1 2 2
L_o(u, 6) - L_O(u) e) - L_](U) e) - 0)

where U is obtained from a smooth projective curve X over a subfield K C C by re-

0—

moving a K-rational point, and e € U(K). They related this extension to the modified
diagonal cycle of Gross, Kudla, and Schoen in X?. Using this relation they were able
to define a family of rational points on the Jacobian of X parametrized by algebraic cy-
cles in X2. One of the primary goals of this thesis is to generalize this picture to higher
weights. We will discuss this in more detail shortly.

2. Periods: Similar to the cohomology case, if U and e are defined over a subfield
K c C, L,(U,e) is endowed with a de Rham lattice, which is a K-lattice inside (1.1).
One then has a K-vector space of periods of L, (U, e), which contains the periods of U
if n > 1. The new phenomenon here is that because of a formal property of iterated
integrals, namely the so called shuffle product, periods of UL, (U, e) that correspond to
the same path in 71;(U, e), are closed under multiplication, and form a K-subalgebra
of C. One may refer to the periods of UL, (U, e) also as the periods of m;(U,e). The

celebrated multiple zeta values arise as periods of 7 of P! —{0, 1, co}.
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We proceed to give a review of the results of the thesis. The work can be divided
into two parts, geometric and arithmetic. Before we discuss the contents of each part,
let us fix some notation. We use CH;(—) for Chow groups. (As usual, the subscript is
the dimension.) By CH™(—) we mean the subgroup of CH;(—) consisting of homo-
logically trivial cycles. We denote by Hom the internal Hom in the category of mixed
Hodge structures, and for a pure Hodge structure A of odd weight 2k — 1, by JA we
refer to the “middle” Carlson Jacobian

Ac

A=—or—
J FAc + Az’

where F denotes the Hodge filtration. For instance, if A = H?*~'(U) for a smooth pro-
jective complex variety U, JA is nothing but the Griffiths” intermediate Jacobian.

From now on, X is a smooth (connected) projective curve over C. Let e, 00 € X(C)
be distinct. We write H' for H' (X), the mixed Hodge structure associated to the degree
one cohomology of X.

1. Geometric part: (Chapter 3) Darmon, Rotger and Sols in [6] relate the extension
EFe
Lz I—2

(X —{oo}ye) — L—O(X—{oo},e) — —(X—{oohe) — 0,

2l Ul
H’ (H)®2

0 il
0
to the modified diagonal cycle of Kudla, Gross and Schoen'

Npe = {x,x,%) :x € X} —{(e,x,x) : x € X} —{(x,e,x) :x € X} —{(x,%,e) : x € X}
+ {(e,e,x):x e X}+{(e,x,e) i x € X}+{(x,e,e) : x € X} € CH}™(X3)

and the cycle

75, == {(x,x,00) 1 x € X} —{(x,%,€) : x € X} € CH}*™(X*).

TThe reason for this non-standard choice of notation will be clear shortly.
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Let h, be the composition

Abel- ]acob1

CH;*™ (X°) JHom (H3(X*), Z(0)) “*5" JHom((H")*%, Z(0)),  (1.2)

and identify
Ext((H')%, H") = JHom((H")**,H") = JHom((H")** @ H', Z(0)),

where the first isomorphism is that of Carlson [1], and the second is given by Poincare
duality. Theorem 2.5 of [6] asserts' that

EZe = ha(—Ag + Z35,). (1.3)

In Chapter 3, our goal is to generalize this result to higher weights. For eachn > 2,
we consider the extension Eg2,
Ln—1 Ln I—n

n_z(X—{oo},e) — Ln_z(X—{oo},e) —

A Al
(H1 )®n71 (H] )®n

0 — (X —{c}e) — 0

—

of mixed Hodge structures as an element of Ext ((H')®™, (H")*"""). One can show that
the weight filtration on

(X —foo},e)

is given by

Wi =0, Wai=1""(X—foahe), and W= (X~ {oche),

I—an n—2

so that it gives rise to only one interesting extension, namely E{°,

Let h,, be the composition

Abel- ]acobl

CHE () JHom(H2 (3"1), 2(0)) “*5" JHom((H')*"", 2(0)),

"The result in [6] is slightly weaker, but a small modification of its proof implies (1.3). See Section
3.6.
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and identify

Carlson Poincare duality

Ext((H")®", (H)®"™) = JHom ((H"®*",(H"®"") = JHom((H")***™',Z(0)).
For each n, we define algebraic cycles

Ane, Z3, € CHYT (X

such that (1.3) generalizes to the following result.

Theorem 1.0.1.

The cycle A, is constructed by first taking an alternating sum
Z(_1 )i—l tr&l
of the transposes of the graphs of the diagonal embeddings & : X*~' — X" defined
by
(Xh s )Xn—l) = (Xh ceey Xiy Xiy oo )Xn—1)> (14)

and then using the method of Gross and Schoen [17] to produce a null-homologous

cycle. The cycle Z7°, is defined as

—1

(_1 )ii] ((nnJri,oo)* - (nn+i,e)*) (tréi)v
1

=

i

where for x € X, 7, is the map X' — X?"! that replaces the i" coordinate by x,

and leaves the other coordinated unchanged!.

Note that the fact that the diagonal embeddings & : X™' — X" appear in the
constructions is not surprising. Wojtkowiak used these maps in [29] to form a cosim-

plicial scheme that gives rise to the de Rham fundamental group, and Deligne and

TThis map is only mentioned one time in the thesis after this point, namely when we define Z3°, in
Section 3.4. The map is not used in any of the arguments, and hence hopefully the use of the letter 7t for
it will not lead to any confusion.



CHAPTER 1. INTRODUCTION 6

Goncharov used these maps in [12] to construct their motivic fundamental group.

We should mention that one motivation for considering extensions of the form

0 — Lo — En — En — 0
Ln_z I—-n—z I—n—] )
rather than L
0o — L,y — L, — T T 0,
n—1
. . | . . .
is that the quotients {L } are independent of the base point, so that we can think of

n—1
extensions coming from different base points as elements of the same Ext group. The

reason for looking at extensions coming from 7t; of the punctured curve, rather than
L
the curve X itself, is that the successive quotients L_n (X, e) for n > 2 are much more

n—1

complicated than their counterparts for X — {oo}. (See [26].)

2. Arithmetic part: Here we find some number theoretic applications for Theo-
rem 1.0.1. Suppose K C C is a subfield, X = X, ®x C, where X is a (smooth) projective
curve over K, and e, co € X,(K). Let g be the genus. Denote the Jacobian of X, by Jac.

2A. Application to rational points on the Jacobian: (Chapter 4) Following the ideas

of [6], we associate to the extension E7’, a family of points in Jac(K) parametrized by
algebraic cycles of the appropriate dimension in a certain power of X,. Our approach
is in line with Darmon’s general philosophy of constructing rational points on Jaco-
bians of curves using algebraic cycles on higher dimensional varieties.

Throughout, we identify
Jac(C) = JHom((H')**"", Z(0)).

For a Hodge class
E c (H1)®2n72)

let &' be the map

JHom((H")***",Z(0)) — JHom(H', Z(0)) = Jac(C)
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defined by
(class of f: (HL® ! = C ) — (classof f(E®—)).

For Z € CH,_{(X§"2), let &7 be the (H')®>*2 Kunneth component of the class of Z.
We now state the main result of Chapter 4.

Theorem 1.0.2. Let Z € CH,,_; (X(Z)“_z). Then 5,21 (E32) € Jac(K).

Note that this is not a priori obvious, as to define [E;°, one first goes to analytic
topology. The result is a consequence of Theorem 1.0.1 in view of the following two
facts:

(i) The map &' is given by a correspondence. More precisely, it is induced by an
element of
CH,(X3") = CH,(Xg" " x Xo)

®2n

whose class is the (H')®" component of

Z x A(Xo),
where A(X,) is the diagonal of Xy. Denoting the composition

CHbom (33 1) "™ CHRem (1) ™ THom((H)® 1, Z(0)

n n

also by h,, this gives us a commutative diagram

CHhciI? (X(Z)n—1 ) n I((H1 )®2n—1 )\/

n

>
Abel-Jacobi

CH;™ (Xo) HV.

(1.5)

(i) The algebraic cycles A, . and Z7°, are defined over K.

Theorem 1.0.2 is due to Darmon, Rotger, and Sols [6] in the case n = 2. For each n, it
associates to E7°,, or equivalently to {W,_,, W,,_1, W,,} part of the weight filtration on

L,.(X — {00}, €), a family of rational points on Jac parametrized by CH,,_; (X(z)“’z).

To simplify the notation, we will write P; for &' (E3%) and Pz for P¢,. The point
P: (and in particular P;) can be described analytically using iterated integrals. Ideally,
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we would like to have a description in terms of algebraic 1-forms on X,. Let Q] ;(X)
be the space of holomorphic 1-forms on X. Identify

=~ LX)

Jac(C) = (2]

Let oy, ..., x4 be regular algebraic 1-forms on X, — {co} whose classes form a basis
H!z(Xo). Moreover, suppose a, ..., oy are holomorphic on X. Let d;,...,dys form a
basis of HJ, such that

J G Ad =1 ifi<i.
X

Let w; be the representative of d; in ) Cx;. Write
j

X = E pijwj-
j

For each i, let ; € 71;(X — {o0}, e) be such that

[--fo-

Bi X

on H'. Then, assuming the «; satisfy a certain hypothesis, which we refer to as Hy-
pothesis x(n) (see Paragraph 4.2.1), the point

Q;lol(x)\/

P: €
T H (X, Z)

is represented by

fe:oq— Z b5 (& o) J Wi wj.

i»jakSZQ |3k

Here the coefficients
“{,j,k(& o) € Perg(o) == Z PrQ

are explicit linear combinations (in fact, with integer coefficients) of the py,.

Hypothesis x(n) is related to whether the Hodge filtration on L, (X — {c0}, e) can
be described “nicely” in terms of iterated integrals formed by the ;. (See the remark
in Paragraph 4.2.1.) It is possible that this hypothesis always holds. We were not able

to prove this, but we show that in the case g = 1, Hypothesis x(n) is satisfied if o, has
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a pole of order 2 at co. For instance, if X, is given by the affine equation
y' =4x" — gix — g3 (1.6)

and oo is the point at infinity, Hypothesis x(n) holds (for all n) if «, = ";ﬂ.

2B. Application to periods: (Chapter 5) Assume for the moment that the Mordell-

Weil group Jac(K) has rank > 1. A natural question one can ask is whether the families
{Pz:Z e CH,; (XS“_Z) C Jac(K)

contain non-torsion points.” This led us to ask whether P; being torsion will have any

interesting consequences.

It is well-known that Hodge classes in tensor powers of H' induce polynomial re-
lations (with integer coefficients) between the periods of X,. In Chapter 5, we observe
that, assuming the «; can be chosen to satisfy Hypothesis x(n), a Hodge class & €
(H")®2"=2 for which P is torsion induces relations between periods of L,(X — {o0}, €).

This is an easy consequence of the analytic description of P;. Indeed, setting
Hi,j,k(a; ‘Xl) = ui/,j,k(a; oq) - uj/,i,k(a; oq) (ia j) k < 29) 1< ])»

it is easy to see that if the o satisfy Hypothesis x(n) and P is torsion, then

> wel&ian) | wiw; € Perglo) (1< g, (17)

1,j,k<2g
i<gj B

The reason for writing these only in terms of the triples (i, j, k) satisfying i < j is that

thanks to the shuffle product property of iterated integrals,
J wiwj + J wjw; = J Wy J w;.
B P B P

Let Q(Xo) be the field generated over Q by all the numbers pj; (i,j < 2g). The relations

TOne should keep in mind that for different n these families arise from different parts of the weight
filtration on the mixed Hodge structure on 71 (X — {o0}, €).
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(1.7) can be considered as linear relations in

1| wwy (k< 29t <) (1.8)
By

with coefficients in Perg(X,). By multi-linearity of iterated integrals, they can also be

rewritten as linear relations between

1, J oo (1,5, k < 20,1 <)
B

with coefficients in Q(X,).

We then proceed to specialize to the Hodge classes coming from the diagonal of

Xo and X3. Even these simplest cases lead to interesting statements.

Proposition 1.0.1. Suppose the «; are chosen so that they satisfy Hypothesis x(n) for
n=273.

(a) Suppose Pa(x,) is torsion. Then the g relations (1.7), which in this case take the form

> (1pu. | wiwy € Pergla) (1< g,

i

are independent (as linear relations among (1.8) with coefficients in Q(Xy)).

(b) For 1 < i,j < 2g define the numbers Ay by Ay = (—=1)"7 if 1 < j and Ay = —A;i.
Suppose P A(x2) 1s torsion. Then the relations (1.7), which in this case are

Z ( 7\jk]9u - 7\ikP1j - 2(—1)i+j]31k ) J wiwj € Pel‘@(ﬁxl) (1< 9)>
i B
are independent.
(c) Let g = 2. Suppose Pax,) and Py (xz) are torsion. Then at least three of the relations

given in (a) and (b) are independent.

Part (c) of the proposition is particularly interesting, as it shows that by digging
deeper into the weight filtration the method might indeed give new information about
the periods. Also note that thanks to Theorem 1.0.2, P5(x,) and P A(x3) are K-rational, so

that they are guaranteed to be torsion if it happens that Jac(K) is finite. This happens
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for instance when K = QQ and X is a Fermat curve of degree an odd prime < 7 [13].

In the elliptic curve case, one can say more:

Theorem 1.0.3. Let g = 1. Suppose that x;, has a pole of order 2 at co. Then

P J wiw2 + P12 J wiw; € Perg(oy) (1.9)
31 B2

if and only if co — e is torsion in CHB"’“(XO) (or equivalently, in X (K)).

The condition on the order of the pole at oo is included only to guarantee that
Hypothesis * is satisfied. The relation (1.9) is indeed equivalent to Px(x,) being tor-
sion. To prove Theorem 1.0.3 one uses the fact that h,(A;) is torsion when g = 1. I
personally find the “only if” statement particularly satisfying, as it confirms that this
relation is not merely a consequence of the formal properties of iterated integrals, and
that it cannot be proved using methods that are insensitive to whether or not co — e is

torsion. Also, (1.9) can be written equivalently as

1
P1iP22 — P12P21

1
P J o2 + P12 J o2 — =puPi2(pai +pa2) | € Perg(eg). (1.10)

2
B1 B2

. . . . . . e _ %
Let X, be given by the affine equation (1.6) and oo be the point at infinity. Take &; =

and o, = %X. Then the classical Legendre relation says pi1p22 — p12p2i = 2mi, and
(1.10) can be equivalently rewritten as

J X J(oq X — X)) — J X J(oqocz — ) € 2miPerg(oy).
B1 B2 B2 B1

By Theorem 1.0.3 this holds if and only if e € X, (K) is torsion.

We close this introduction with a word on the structure of the thesis. We recall
some background material in the next chapter. Chapter 3 contains the geometric com-
ponent of the thesis. The goal of the chapter is to state and prove Theorem 1.0.1. The
last two chapters contain the arithmetic part of the thesis. In Chapter 4, we prove
Theorem 1.0.2 and give an analytic description for the point P;. Chapter 5 applies the
earlier results of the thesis to periods. Section 5.2 explains the methodology in detail,

namely how Hodge classes may induce relations between periods of L,(X — {co}, €).
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Section 5.3 discusses Proposition 1.0.1 and Theorem 1.0.3 above.

12



Chapter 2
Some Background

In this chapter we briefly go over some of the background material we shall be needing
throughout the thesis. Of course, we could not recall every relevant fact or definition.
Choices had to be made, and mostly we have only included what was rather essen-
tial towards understanding of the thesis. We highlight that nothing in this chapter is

original. References will be given in each section.

2.1 Recollections from Hodge theory

The comparison isomorphism with de Rham cohomology induces a certain structure
on the singular cohomology of a smooth projective complex variety. Historically, the
notion of an (abstract) Hodge structure was defined as an abstraction of this structure.
The notion of a mixed Hodge structure was defined as a generalization of that of a
Hodge structure, in order to generalize the theory to arbitrary complex varieties. In
this section, first we recall the definitions of a Hodge and mixed Hodge structure, and
review some basic facts about them. Then we go over the motivating example of the

cohomology of a complex variety.

2.1.1

Throughout this paragraph, unless otherwise stated, K can be any of Z, Q or R. Recall
that a Hodge structure of weight n over K consists of the following data:

(i) afinitely generated K-module Hk

13
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(ii) a decomposition of H¢ := Hg ® C as

He = €P HPS

P,q€Z

such that H”9 = 0 if p + q # n, and moreover HP4 = HIP for all p, q.

One can equivalently replace (ii) by
(i)’ a decreasing filtration F' on Hc satisfying He = FPH¢ @ FrP+THc.

The passage between (ii) and (ii)’ is given by

! !
FHe = @
p’yq’
p'>p
and

HP9 = FPHe N FPHc .

If the weight n is even, a Hodge class is an element of Hx whose image in H¢ belongs
to H2'3, or equivalently, to F2 He (as F2He N Hg = H2>2 N H).

The filtration (resp. decomposition) in (ii)” (resp. (ii)) is referred to as the Hodge
filtration (resp. decomposition). The advantage of the characterization in terms of the
filtration (as opposed to the decomposition) is that it is more suitable for generaliza-

tions.
Definition. (1) For K = Q or R, a mixed Hodge structure over K consists of the follow-
ing data:
(i) a finite dimensional K-vector space Hx
(ii) a decreasing filtration F on H¢ := Hg ® C called the Hodge filtration
(iii) an increasing filtration W. on Hk called the weight filtration

such that for each n,
GrV .= WaHk
e Wn—] H]K

together with the filtration induced by F on its complexification, i.e. given by

FPW,He + W, 1 He

FPGryY @ C =
™ ® Wn71H(C
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is a Hodge structure of weight n over K.

(2) A mixed Hodge structure over Z is a finitely generated abelian group H; together
with a mixed Hodge structure over Q with the underlying rational vector space Hyp =
Hz ® Q.

We will often denote a Hodge or mixed Hodge structure by a capital English let-
ter, and then decorate it with the subscript K to refer to its corresponding K-module.
For example, if H is a mixed Hodge structure over Z, by Hz, Hg, and Hc we refer to
the corresponding Z, Q, and C modules.

A morphism of mixed Hodge structures over K is a map between the underlying
K-modules which (after extending the scalars) respects the filtrations. One can show
that morphisms of mixed Hodge structures are strict with respect to the filtrations, i.e.
given a morphism f : A — B,

(FPBc) Nf(Ac) = f(FPAc)

and
(WiBc) Nf(Ac) = f(WhAC).

The category MHSk of mixed Hodge structures over K is abelian. If H is a Hodge
structure of weight n, we can think of it as a mixed Hodge structure in the obvious
way: The weight filtration on it is given by W;,_jHg = 0 and W;Hy = Hg. By a
Hodge structure we mean a direct sum (in MHSk) of Hodge structures of possibly
different weights. The category HSx of Hodge structures over K is the full subcate-
gory of MHSk whose objects are Hodge structures. One sometimes refers to an object
of MHSk which is a Hodge structure of weight n as a pure Hodge structure.

For each n € Z, one has a unique Hodge structure K(—m) over K of weight 2n
with underlying module K, with Hodge filtration given by F*C = C and F*''C =
0. For a Hodge structure H over K of weight 2n, a Hodge class can be equivalently
thought of as a morphism

K(—n) — H.

For K = Q, R, each W, is a functor MHSx — MHSg. To have this over Z as well,
one wants to have the weight filtration defined on the level of the underlying abelian

group of a mixed Hodge structure over Z. This is done by setting W, H; to be the
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pre-image of W, Hg under the natural map
HZ — HQ

With this convention, now the W,, are functors MHS; — MHSy as well. The highest
(resp. lowest) weight of a mixed Hodge structure H is defined to be the smallest n for
which W, H = H (resp. W,,H # 0).

Tensor product and internal Homs: Given mixed Hodge structures A and B over

K, one has an object A ® B in MHSk defined in the obvious way. For each n, the
twist A(n) := A ® K(n) is obtained from A by shifting the filtrations'. One clearly has
A(0) = A. The category MHSk is a tensor abelian category with K(0) as the identity

of the tensor product.

Given objects A and B of MHSk, their internal hom Hom(A, B) is a mixed Hodge
structure over K defined as follows: For K = Q, R, the underlying K-vector space is
Homg (Ak, Bk). The filtrations are given by

WnHomK(AK, BK) = {f :Ax — Bk | f(WIAK) C Wn+lBK for all l}

and
FPHom¢(Ac, Be) = {f: Ac — Be | f(FA¢) € FP™'B¢ forall 1.

For K = Z, Hom(A, B) has Homy(Az, Bz) as its underlying abelian group, and the

mixed Hodge structure on
Hom(A, B)gy = Homy(Az, Bz) ® Q = Homg(Ag, Bg)

is the one just described.

If A and B are pure of weights a and b, Hom(A, B) is pure of weight b — a. The
dual to a mixed Hodge structure A is defined to be AY := Hom(A,K(0)). It is easy to
see that if K = Q, R, one has a natural isomorphism AYY = A, and the category MHSk
is in fact neutral Tannakian (with fiber functor H — Hg). In other words, in this case,
MHSy is equivalent to the category of representations of an affine group scheme over
Kf. Over Z however, AVY # A if A; has torsion.

TFor any K-module M, we identify M ® K = M.
TFor an introduction to the theory of Tannakian categories, the reader can see [10]. We do not say
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We adopt the convention A®™ := (A® ™) for n negative. One clearly has K(n) =
K(1)®" for all n.

In most of this thesis, we work with mixed Hodge structures over Z. For simplic-
ity, unless otherwise stated, the term “Hodge structure” means “Hodge structure over
Z” from now on. We simply write MHS for MHS;. For references on the material so
far, see [7], [27], and [10].

Carlson Jacobians: Motivated by Griffiths” intermediate Jacobians of a variety,

given a mixed Hodge structure A, Carlson [1] defined its n'™ Jacobian* by

Ac
"A) = —————
A = A A
where by Az we obviously mean its image in Ac. It is easy to see that for n bigger
than half the highest weight of A, the natural map

Ac

Ar=AzQR
R z® _>F“A<c

2.1)

(given by the inclusion Agr C Ac) is injective, whence J*(A) is the quotient of a com-
plex vector space by a discrete subgroup. It is easy to see that in general J™ is a functor

from MHS to the category of abelian groups that respects direct sums.

Of special interest to us is the case of the “middle Jacobian” JA := J*A of a pure Hodge
structure A of weight 2n — 1 (possibly negative). It is easy to see that in this case, the

map (2.1) is an isomorphism, and hence induces an isomorphism of real tori
— =JA. (2.2)

We close this paragraph by recording, for future reference, a few easy statements

in the following lemma.

more about Tannakian categories here as they are not explicitly used in the thesis.
*One should not be misled by the use of the word Jacobian here: Carlson Jacobians of a mixed
Hodge structure are often not algebraic.
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Lemma 2.1.1. Let A, B and C be mixed Hodge structures.

(a) If Bz is free, the canonical isomorphism Homy (A7, Bz&Cz) = Homy, (AZ ® By, CZ)
induces an isomorphism Hom(A, B ® C) = Hom (A ® BY, C).

(b) The canonical isomorphism Homy(Az, Bz) ® Cz = Homy (Az, Bz ® Cz) induces
an isomorphism Hom(A,B) ® C = Hom (A, B ® C).

(@ J*A(=p) =" PA

(d) If A is pure of odd weight, JA(—p) = JA.

(¢) J"Hom(A(—p), B) = J"*"Hom(A, B).

(f) If A and B are pure of opposite parity weights, then JHom(A(—p), B) = JHom(A, B).

The proofs are all straightforward. For (a) (resp. (b)) one notes that the canonical
isomorphisms Homy (Ax, Bx ® Cx) = Homg (Ag ® By, Cx) (resp. Homg(Ak, Bx) ®
Ckx = Homg (Ag,Bg ® Ck)) for K = Q,C come from their K = Z counterpart by
extending the scalars, and then checks that the isomorphisms respect the filtrations W
and F. Parts (c) and (e) are immediate from that F*A(—p)c = F*"PAc. Part (d) (resp.
(f)) is a special case of (c) (resp. (e)).

2.1.2 Classical example: Cohomology of a complex variety

Let U be a complex variety. If U is smooth and projective, its degree n cohomology is a
pure Hodge structure of weight n: The underlying abelian group is the Betti (singular)
cohomology group H"(U, Z) (U with analytic topology). Identifying

de Rham iso.

HY(U,Z) @ C=H"(U,C) = Hg(U), (2.3)

where HZ,(U) here is the n'' cohomology of the complex E;(U) of complex-valued
smooth differential forms on U, the Hodge decomposition is given by the classical

result

Hy(W) = @ Hrs,

p+q=n

where the elements of H™9 are the classes that are represented by forms of type (p, q).

More generally, thanks to a theorem of Deligne, the degree n cohomology of U

(which is no longer assumed to be projective or smooth), naturally carries a mixed
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Hodge structure, which we denote by H™(U). If U is smooth, H"(U) can be described
as follows: The underlying abelian group is again Betti cohomology with integral
coefficients. Via the identifications (2.3), we define the weight and Hodge filtrations
on Hjy (U). Realize U as Y\ D, where Y is smooth projective and D is a normal crossing
divisor. Then the complex E'(Ylog D) of smooth differential forms on U with at most
logarithmic singularity along D calculates the cohomology of U, i.e. the inclusion

E(YlogD) — E(U)

is a quasi-isomorphism. Recall that E'(Ylog D) consists of elements w of E;(U) which

satisfy the following local condition: Near each point x € D, if the z; are local holo-
morphic coordinates such that D is given by [ [ z; = 0, w is of the form

i=1

Zwmdzﬁ N

Zi, Zi,

where i € {1---,m}and wj is smooth (near x) along D as well. One defines a filtra-
tion F (resp. W.) on the complex E'(Ylog D) by holomorphic degree (resp. order of
poles along D). More precisely, FPE (Y log D) consists of elements with at least p forms
of type (1,0) in their local expansions, and W,,E'(Ylog D) consists of those elements

which (with the notation as above) near x € D can be expressed in the form

dZi dZit .
D WIAEA A (i € {1,---,m}),

where t < n and wj is smooth along D as well. Then the Hodge and Weight filtration
on Hiy (U) are given by

FPHER (U) = Im ( H"FPE'(Ylog D) — Hip(U))

and
WiH (U) = Im ( H*W, ,E'(Ylog D) — HI(W) ) .

One can show that W. is defined over Q, i.e. is induced by a filtration on
H*(U,Q) € H™(U, C) = Hg(U),

and that the structure just defined only depends on U (and not the compactification
used in the process).
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As for references for the mixed Hodge structure on the cohomology of a variety,
the original articles are Deligne’s [7] (for the smooth case) and [8] (for the general case).
The reader can also consult [23] and [27]. For more details on the complex E'(Ylog D)
see [23]. For the classical smooth projective case, one can refer to [28] or again [27].

Throughout the thesis, our varieties will all be smooth and for such a variety U
we continue to identify H*(U, C) and Hj}z(U) via the isomorphism of de Rham.

2.2 Extensions in MHS

2.2.1 Extensions in an abelian category

Let A and B be objects in an abelian category C. Given short exact sequences

0 B E A 0

(2.4)

and

0 B E A 0, 25)

say (2.4) ~ (2.5) if there is a morphism E — E’ making the diagram

0 B E A 0

|

0 B E’ A 0

Id

—

commute. It is clear that ~ is an equivalence relation on the collection of all short exact

sequences

0 B ‘ A 0.

An equivalence class is called an extension of A by B. The set of all such extensions is
naturally equipped with a binary operation, making it into an abelian group denoted

by
EXtc(A, B)
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With abuse of terminology, we might simply say the extension (2.4) to refer to the one
represented by it.

In what follows, Ext always means Extyus.

2.2.2 Carlson’s theorem on classifying extensions in MHS

Let A and B be mixed Hodge structures such that the highest weight of B is less than
the lowest weight of A. Suppose moreover that Ay is torsion-free. Carlson [1] gave a
functorial isomorphism

Ext(A,B) = J°"Hom(A, B).

Given an extension E given by a short exact sequence

0 B E A 0,

the corresponding element in the Jacobian is obtained in one of the following ways:

(i) Choose a Hodge (resp. integral) section of (resp. o0z) of Ec — Ac. Then E
corresponds to the class of or — 0. (By a Hodge section we mean a section that
is compatible with the Hodge filtrations, and by integral we mean a map that is
induced by a map between the underlying Z-modules.)

(i) Choose a Hodge section of as above, and an integral retraction pz : Ec — Bc.
The extension E corresponds to the class of pz o of.

In the interest of simplifying notation, we shall identify Ext(A, B) and J"Hom(A, B)

via the isomorphism of Carlson.

2.3 Review of the reduced Bar construction

In this section, we briefly review certain aspects of the reduced bar construction on a
differential graded algebra. The construction is due to K.T. Chen, and the reader can
refer to [3] and [18] for references. We only discuss a special case that is of interest to
us. Throughout this section K is a field of characteristic 0.
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Let us start by recalling the definition of a differential graded algebra. A dif-
ferential graded algebra over K is a graded K-algebra A" = @ A", equipped with a

n>0
differential d of degree 1 (so that one has a complex

A0 Ly AT 4y A2 g
of K-vector spaces) such that the graded Leibniz rule holds, i.e.
d(ab) = (da)b + (—1)%&@q(db)

for homogeneous elements a,b € A’, where deg is the degree. Moreover, we say A" is

commutative if
ab = (_] )deg(a) deg(b)ba

for all homogeneous a, b.

Note that K itself can be thought of as a differential graded algebra over K in an
obvious way. Suppose A’ = @ A" is a differential graded algebra over K, with the

n>0

differential denoted by d. Denote the positive degree part by A*. Lete : A —» K
be an augmentation (i.e. a morphism of differential graded algebras into K). For any
integers r,s (r > 0), let T™%(A’) be the degree s part of (AT)®", i.e. the K-span of all
terms of the form

Q) ®...% a, (2.6)

where a; € AT and ) deg a; = s. (By convention, (A7)®° = K.) It is customary to use
the notation

[(11|..-|(1r]

for the element (2.6). The T™*(A’) form a second quadrant bicomplex T~ (A’), with
T7"*(A’) being the (—, s) bidegree component, and anti-commuting differentials both

of degree 1 defined below. Here Ja = (—1)9%8%qa for any homogeneous element a € A".

e The horizontal differential d;:

r—1

dn(las]. .. lay]) = Z(—UM Jail ... Jaial(Jai) aiqlaisl . .. fa.l

i=1
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e The vertical differential d,:

T

dy(larl...la]) = ) (=DTail...Jai1ldaiaiql ... lall.

i=1

The formulas for the differentials are particularly important for us when all the a; are

of degree 1. In this case the formulas simplify to

dnlar...la,] :—Z[a1|---|aiai+1|---’ar] (2.7)

i

and
dlar...la] == ) [ail...|dai...|a]. (2.8)

The associated total complex Tot (T~"(A’)) is concentrated in non-negative degrees,
and its degree zero part is @ T *(A") = @P(A")®. The reduced bar construction

s>0 s>0
B(A,e) =@ En(A', €) of A relative to € is by definition a certain quotient of Tot (T (A")),
n>0
where the subcomplex by which one quotients depends on €. The image of [a;]...|a,]

is denoted by (ay|...|a,). If A° = K, then B(A,€)is simply Tot (T~"(A")). From now on

we drop the augmentation € from our notation for B if it will not lead to any confusion.

The reduced bar construction is naturally filtered by tensor length: Let

To=E T (A)).
r<n
The filtration {7y} of the double complex (T~"(A’)) induces a filtration {53,} on the re-

duced bar construction. We denote the filtration induced on the cohomology of B(A)
also by {B,}.

The reduced bar construction is functorial. In particular, if A" and A" are differen-
tial graded K-algebras,and e : A* — Kand € : A — Kare augmentations, a morphism
f: A" — A of differential graded algebras satisfying & o f = € induces a morphisms
of complexes B(A) — B(A) compatible with the filtrations {3,}. Moreover, if f is a
quasi-isomorphism and H°(A’) = K, then the induced maps between the reduced bar
constructions or the 3, are also quasi-isomorphisms.
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The map

(.. IarHZaM o) ® (aial. .. lay)

makes B(A’) into a differential graded coalgebra. If A" is commutative, then B(A) is
in fact a differential graded Hopf algebra, with multiplication given by the so called
shuffle product, which for degree zero elements is given by the formula'

(Cl1| ce |ar) : (ar+1| ce |ar+s) = Z (ac(1)| oo |a0(r+s))-
(1,8) shuffles o

The general formula is an alternating sum of the (as1)l...[asris)), Where the coeffi-
cients take into account the signs of the o and the degrees of the a;. In particular,
when A’ is commutative, H°B(A") is a Hopf algebra, which is commutative as it can
be seen from the definition of the shuffle product given above. If f : A* — B is a
quasi-isomorphism of (commutative) differential graded algebras, then the induced
map between the reduced bar constructions respects the comultiplications (and mul-
tiplications).

2.4 Hodge theory of the fundamental group- the general

case

2.4.1

Let G be a finitely generated group and K a field of characteristic zero. The Malcev or
(pro)-unipotent completion of G over K is a pro-unipotent algebraic group G*" over K,
together with a homomorphism G — G“*(K), such that for any pro-unipotent group
U over K and any homomorphism G — U(K), there is a unique morphism G** — U
of group schemes over K making the obvious diagram commute. It follows immedi-
ately that the image of G is dense in G*". The group G"" can be defined explicitly as
Spec(Ogun ), where
v
Ogyn = lim (%) )

tRecall that 0 € S, is an (1,s) shuffle if

o' M< <o '(r) and o 'r+ 1)< - <o '(r+s)
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and I is the augmentation ideal. One can think of

K[G]\ ¥
(=)

as the space of K-valued functions on G which (after being extended linearly to K[G])

vanish on I™"'. For the very last sentence, K can be a ring.

2.4.2 Chen’s theory of iterated integrals and the description of O(7}'")

We review some results of K.T Chen in this paragraph. For details and proofs, see [2],
[3] and [4].

Let U be a path-connected manifold, e € U, G = m;(U, e), and Q. be the (smooth)
loop space at e. Throughout this paragraph K € {R, C}. Using iterated integrals, Chen
[2] defined the differential graded algebra of K-valued differential forms on ., which
following [2] we denote by Aj. The space A{¢ of K-valued iterated integrals of degree
d, or d-forms on ()., is spanned by elements of the form fw1 ... w;, where the w;
are k—valued differential forms of positive degree on U, and ) degw; =1+ d. An
element of A{¢ that can be expressed as a linear combination of iterated integrals as
above with r < mis said to be of length < m. The complex Ay is naturally filtered by
length. Let Ay (m) denote the subcomplex formed by iterated integrals of length < m.

Since Ay is concentrated in degree > 0, one has
H(Ag(m)) € H(Ag),

and the {H°(AJ (m))} is a filtration on H°(Af).

In the case that wy,...,w, are all 1-forms on U, the zero form, i.e. function,

J w1 ... w, on the loop space is defined by

(y: [O, 1] — U) — J 4 (t1)dt1 .. .fr(tr)dtr,

0<ty <..<t;<1

where fi(t)dt = y*(w;). If r = 0, the “empty” iterated integral is defined to be the

constant function 1. The value of J W ...w, on Yy is denoted by J wj...w;. Itis clear

y
that for r = 1, this coincides with the usual integral.
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From now on, by an iterated integral we mean one of degree zero. The following
formula describes how iterated integrals behave relative to composition of paths. Here
ocand (3 are loops at e.

Jw1...wrz J'w1...wiJ'wi+1...wT (2.9)

One can show that iterated integrals also satisfy the following relations (as functions
on Q.). Here f is a (smooth) function on U.

J‘(df)wz...wr = J(fu)z)...wr—f(e)sz...wr
‘[w]...wi_](df)wm...wr = Jcm...wi_1(fwi+1)...wT—Jw1...(wa)wm...wr

Jw1 e g (df) = f(e)Jcm e Wyl — Jun o (fwr) (2.10)

Also, one has the shuffle product property

Jom ...wTJer e Wy = Z We(1) + » « Woris)- (2.11)

Y Y (1,8) shuffles o

<

It follows from Chen’s construction of the complex Ay that an iterated integral
induces a function on G if and only if it is closed. Moreover, it follows from (2.9) that
a closed iterated integral of length < m vanishes on I™"" C K[G], so that one has a

natural inclusion

Vv
HALm) © (Tacr ) -

The main theorem of [2] (Theorem 5.3) asserts that indeed

Vv
HAL ) = (15 ) -

The algebraic structure of H(A} (m)) can be described using the reduced bar con-
struction on the complex Ex(U) of smooth K-valued differential forms on U, aug-

mented by “evaluation at e”. One has a natural map of differential graded algebras
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B(Ex(U)) — Af given by integration

(wi]...|wy) — Jw1...wr.

This map' induces an isomorphism H°B(E; (U)) — H°(Af,) strictly compatible with

the length filtrations, i.e. we have a natural isomorphism

BaHUB(Ex(W) 5 HO(AL (m) = (Im+1 ) .
Remark. (1) Let Ay = A (U) be the complex of Sullivan’s rational polynomial forms
on U. Under the inclusion

BoH"B(Ap) C BnH B(Ay ® K) = BnHB(Ei (U))

12
N
3|2
EARD)
~—
<

v

BnHB(Ay) is identified with (Q[G]> .
[m+1

(2) If U is (the associated complex manifold to) a smooth complex variety, and U =

Y\ D where Y is smooth projective and D is a normal crossing divisor, one can replace

E;(U) by the complex E'(Ylog D). (See Paragraph 2.1.2.)

2.4.3 Digression to mixed Hodge complexes

Roughly speaking, a rational mixed Hodge complex (Q-MHC) A is the data of a fil-
tered complex (Ag, W.) of Q-vectors spaces, and a bifiltered complex (Ag, W, F) of
C-vector spaces together with quasi-isomorphisms between Ay @ C and A strictly
compatible with W. filtrations, such that each cohomological data H™A with the filtra-
tions I and W. defined by

FPH™A. = Im(H™FPAL) — H™AL)
W, H™A, = Im (H™(Wh_nAy) — H™AY)
is a mixed Hodge structure over Q. One refers to the filtrations W. and F as the

weight and Hodge filtrations. A Q-MHC A is called a (commutative) multiplicative
Q-MHC if both Ay and A are (commutative) differential graded algebras and the

"The relations by which one mods out Tot (T~ (Ej (U)) to get B(Ej (U)) are defined exactly based on
relations (2.10) satisfied by iterated integrals, so that the map just described is well-defined.
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quasi-isomorphism between Ay ® C and A is also that of differential graded alge-
bras. A theorem of Hain asserts that if A is a positively graded multiplicative Q-MHC
such that HO(AQ) = Q, then each B,,B(A) is a Q-MHC. The Hodge filtration is just
the natural extension of the Hodge filtration on A, whereas the weight filtration on
BnB(Ay) (resp. BnB(Ay)) is the convolution W/ « BB, where W' is the natural exten-
sion of the weight filtration on Ag, (resp. Ag). We record, for future reference, the

description of Hodge and weight filtrations on B,,H°B(A):

e FPB, H°B(A.) consists of all closed elements in §O(Agc) that can be written as
a linear combination of elements of the form (ay|...|a,) satisfying r < m and
[ail...la;] € FP(AL)®".

° WanHog(AgC) consists of all closed elements in EO(AQC) that can be written as
a linear combination of elements of the form (ay|...|a;) satisfying r < m and
[ai]...la;] € Wy (AL)®". (This is defined over Q.)

We close this paragraph by giving some references. For definitions see [18] and
[8]. For the material on the reduced bar construction on multiplicative mixed Hodge

complexes, see [18] and [20].

2.4.4 Mixed Hodge structure on 71; of a smooth complex variety

Let U be a smooth variety over C, e € U(C), G = m(U,e), where with abuse of
notation we denote a smooth complex variety and its associated complex manifold by
the same symbol. Here we briefly review a result of Hain, in which he defines a mixed
Hodge structure on the integral lattice

ZIG1\ "
[+ )
which we denote by L., = L,;,(U, e). For details and proofs, see [18].

Let U = Y\ D, where Y is a smooth projective variety and D is a normal crossing
divisor. Then there is a commutative multiplicative Q—MHC K defined as follows: K
is the complex E'(Ylog D) of smooth C-valued differential forms on U with at most
logarithmic singularity along D, equipped with the usual filtrations W. (by the order
of poles) and F' (by holomorphic degree). For the rational data (K, W.), see Subsec-
tion 5.6 of [18]. This data is defined in such a way that there is an explicit filtered

"Note that B, B(A() is concentrated in non-negative degrees.
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quasi-isomorphism between (K; ® C,W. ® C) and (E'(YlogD),W.), and an explicit
quasi-isomorphism between K¢, and Sullivan’s complex Ay (U) of rational polynomial
forms on U. The Q-MHC K calculates the rational mixed Hodge structure on the coho-
mology of U. Evaluation at e defines an augmentation on K. Then the B,,H°B(K) form
a filtered family of rational mixed Hodge structures. The underlying complex (resp.
rational) vector space of B,,H B(K) is B,,H’B(E (Ylog D)) (resp. B H'B(A(U))). Via

the commutative diagram

V
BaHOB(AL (W) — = (?ifﬂ)

| |

- v
B,H°B(E (Ylog D)) i <@> ,

[m+1

the rational mixed Hodge structure B, H°B(K) translates to a rational mixed Hodge
v
structure L, = L,y(U, e) with underlying complex vector space (ﬁ[—ﬂ) and Q vector

ORN : e 261\ " 14
space <1m+1 ) . The integral lattice is defined to be <1m+1 ) . Itis clear that L, C L,.1.

In view of the description of the weight and Hodge filtrations on the cohomology of
the reduced bar construction on a Q-MHC given in Paragraph 2.4.3, the filtrations for

L, are described as follows:

e The weight filtration: W, (L) is the space of those closed iterated integrals that
can be expressed as a sum of (not necessarily closed) iterated integrals of the
form [w;...w,, witht <mand w; € E! (Ylog D), such that at most n — r of the
w; are not smooth along D. This filtration is defined over Q. It is easy to see that
Wi (Ly) C L.

e The Hodge filtration: F?(L,,)c is the space of those closed iterated integrals that
can be expressed as a sum of (not necessarily closed) iterated integrals of the
form [w;...w,, where r < mand w; € E! (Ylog D), such that at least p of the
wj are of type (1,0).

Remark. (1) One can show that L, only depends on the pair (U, e), and not on the
embedding of U as Y \ D. As in the case of mixed Hodge structure on cohomology, to
explicitly describe the Hodge and weight filtrations on L,, one usually embeds U as
Y\ D as above.

(2) L., (U, e) is functorial in (U, e).
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2.5 De Rham lattice in O(7j") and periods of the funda-

mental group

Let K be a subfield of C, U, be a smooth variety over K, e € Uy(K), and U = Uy C. We
assume moreover that U, is affine. Let (' (U,) (resp. Q'(U)) be the complex of global
differential forms on U, (resp. U). Since U is affine, the complex Q'(U) calculates the

cohomology of U. More precisely, the natural map
Q(uo) ®Rx C = Q(U) — E(U)

is a quasi-isomorphism. It follows that one has a natural isomorphism

HB(Q (U)) = H°B(E(U))

strictly compatible with the filtrations. The de Rham fundamental group n{*(U,, e) of
U, with base point e is an affine group scheme over K with coordinate ring

O(ni*(Uy, e)) = H'B(Q'(Uy)).

We refer to the image of B,HB(Q'(U,)) under

!

B HPB(Q'(Uo)) € ByHB(Q' (W) = BHB(E (W) = Lo (U, e)c

as the de Rham lattice in L, (U, e)c. We use the notation L,,(Uy, e) to refer to L, (U,e)
together with the data of the de Rham lattice. The space of periods of L, (U, e) is the
space of numbers of the form f(y), where y € m(U, e) and f belongs to the de Rahm
lattice in L, (U, e)c. It is a vector space over K. The space of periods of m;(Uy, e) is by
definition the union of the spaces of periods of the L, (U, e).

2.6 Griffiths” Abel-Jacobi maps

For a detailed discussion of the material of this section, see [27] and [14].

2.6.1

Notation: Given a variety Y over a field K, by an algebraic cycle of dimension (resp.

codimension) i we mean an element of the free abelian group Z;(Y) (resp. Z'(Y)) gen-
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erated by irreducible closed subsets of Y of dimension (resp. codimension) i. The
Chow group CH;(Y) (resp. CH'(Y)) is Z(Y) (resp. Z'(Y)) modulo rational equiva-
lence.” As usual Z(Y) := @ Z'(Y) and CH(Y) := P CH'(Y). Notation-wise, we do not
distinguish between an algebraic cycle and its class in the corresponding Chow group.
Given Y and Y’ of dimensions d and d’, the group of degree zero correspondences from
YtoY'is Cor(Y,Y') := Z4(Y x Y'). If f : Y — Y’ is a morphism, the graph of f is de-
noted by I7; it is an element of Cor(Y, Y’). We use the standard notation (lower star) for
push-forwards along morphisms. Given algebraic cycles Z € Z(Y) and Z’ € Z;(Y’),
Zx 7' e Zi;(Y x Y') denotes the Cartesian product. Given Z € Z(Y x Y’), 'Z is the
transpose of Z; it is an element of Z;(Y’ x Y). Finally, if Y is a smooth variety over
a subfield of C, ZM™(Y) (resp. CH°™(Y)) refers to the subgroup of null-homologous
cycles in Z;(Y) (resp. CH;(Y)).

2.6.2

Let Y be a smooth projective variety over C. The n™ Abel-Jacobi map associated to Y
is the map?
AJ 2 ZRM(Y) — JH (Y)Y

defined as follows. First note that the restriction map (H&""' (Y))v — (FrrTH>H! (Y))v

gives an isomorphism

(Fn-H H2nt (Y))V

H2n+1 Y V ~
W= v

where an element of Hy,1(Y,Z) is considered as an element of (F*'H*"*! (Y))v via

integration. Thus we can equivalently define AJ as a map into

(Fn+1H2n+1 (Y))v
H2n+1 (Y) Z)

Given a null-homologous n-dimensional cycle Z on Y, there is a chain C such that
0C = Z. Given ¢ € F*TH1(Y), take a representative w € F*TEZ(Y), and set

Je=]w.

C C

tNote that in our notation, CH;(Y) is merely an abelian group, and not a functor from K-schemes
to abelian groups.
*That our notation for this map does not incorporate Y or n should not lead to any confusion.
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One can show that this is independent of the choice of w. Then

(Fn+1 H2n+1 (Y))v
Honi1 (Y, Z)

AJ(Z) €

is defined to be the class of the map

C'—)JC.
C

The ambiguity in having to choose C is resolved by modding out by Hy,1(Y, Z). If one
insists on having AJ(Z) € JH*'(Y)V, it is the class of any map HZ"'(Y) — C whose

restriction to F*""H?"1(Y) is the map J above.

C

One can show that A]J factors through CHﬂom(Y). The induced map
CH}Tlom(Y) - IHZTLJH (Y)V

is also called Abel-Jacobi, and with abuse of notation we denote it by AJ as well.

2.6.3 Maps induces by correspondences on intermediate Jacobians

Let Y (resp. Y’) be a smooth projective variety of dimension d (resp. d’) over C. Sup-
pose 1 < d + d’. One has natural isomorphisms

V
HZI(Y > Y/)\/ ~ (@ H' (Y HZl (Y ))
= DHmrerT
~ @Hom H'(Y), H* T (Y)Y)
Poincare duality
~ Hom (H**"(Y)¥(—d), H*"(Y")Y)
= P Hom (H¥(V)Y,H* (YY) (d)

Let Z € CHi(Y x Y’). Then the class cl(Z) of Z is a Hodge class in

HZI(Y % Y/)\/)
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which is given by integration over Z (or more precisely, the smooth locus of Z) if Z is
an irreducible closed subset. In view of the isomorphisms above, cl(Z) decomposes

as a sum of Hodge classes in
Hom (H*-" (Y)Y, HZ—"(Y")Y) .
It follows that for each 1, cl(Z) gives a morphism of Hodge structures
H2 (Y)Y (1—d) — HE (Y)Y, (2.12)
If r is odd, this induces a map
JHXT(Y)Y = JHXT (Y)Y (L= d) — JH* T (Y)Y, (2.13)

With abuse of notation we denote the maps (2.12) and (2.13) also by cl(Z).

Let m < d. The push-forward map
Z, : CH,(Y) = CHpq—a(Y)

restricts to a map
Z, : CHYM™(Y) — CHMR (Y.

One has a commutative diagram

AJ

CH™ (V)
Z. cl(Z2)

CHhoinl d(Y,) Al IH2m+Zl—2d+1(Y/)v
el — .

2.7 A construction of Gross and Schoen

In this section, we recall a construction of Gross and Shoen [17]. Let K be a subfield
of C and X be a smooth projective geometrically connected curve over K. Let m be
a positive integer and e € X(K). By convention, we set X° = Spec K. For (possibly
empty) T C {1,...,m}, let pr : X™ — X"l be the projection map onto the coordinates
in T, and g7 : X — X™ be the embedding that is right inverse to pr and fills the
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coordinates that are not in T by e. For instance, if m =3 and T = {2, 3},

q
1yX2,X3) B (%2, %3 1,X2) F (€,%1,%2).
(x1,%2,%3) — (x2,%3) and (x1,%2) — (e, x71,%2)

In general, the composition gt o pr : X™ — X™ is the morphism that keeps the T
coordinates unchanged, and replaces the rest by e. Let

P, = Z(—U‘TC'FqTopT e Cor(X™, X™),
T

where T¢ denotes the complement of T. For the proof of the following result, see [17].

Theorem 2.7.1. If i < m, the map (P.)" : Hi(X™) — H;(X™) induced by P, on homology

is zero.

Let (P.). be the push forward map Z(X™) — Z(X™) defined by the correspondence
P.. Then

(P)e = > (=1)™(qr 0 pr)a.

T

In view of commutativity of the diagram

(Pe)*
Z(X™) Z(X™)

.

H,i (X™, C) — Hy (X™, C),

where the vertical maps are class maps, it follows from the previous theorem that if
21 < m, then
(Pe)s(Z(X™)) C Z{om(X™).

This gives a way of constructing null-homologous cycles.
Example. For m > 2, denote by A™(X) the diagonal copy of X in X™, i.e.
{(xy%y...,%x) :x € X} € Z(X™).

For m > 3, by the previous observation, the modified diagonal cycle (P.).(A™(X)) is
null-homologous. As it is pointed out in [17], this cycle has zero Abel-Jacobi image if

m > 3. On the other hand, if m = 3, this cycle, which was first defined by Gross and
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Kudla in [16] and then studied more by Gross and Schoen in [17], is well-known to be
interesting. See the references just mentioned. It is easy to see from its definition that

(Pe)*(Ag(X)) = A3(X) —{(C,X,X) tX € X}_{(X, C,X) X € X}_{(X>X)e) tX € X}
+{(e,e,x):x € X}+{(e,x,e) : x € X} +{(x,e,e) : x € X

We denote this cycle by Aggs. , the modified diagonal cycle of Kudla, Gross and

Schoen.

Note that
(Pe)(A%(X)) = A*(X) —{e} x X — X x {e},

which is homologically nontrivial.



Chapter 3

Algebraic cycles and 711 of a punctured

curve

In this chapter, we will prove the geometric result of the thesis. Throughout, until the
end of the thesis, X is a smooth (connected) projective curve over C of genus g, and
00, e € X(C) are distinct points. Roughly speaking, our goal in this chapter is to relate
the mixed Hodge structure on 71; (X—{oo}, e) to algebraic cycles on products of X. More

precisely, for each n, we consider

Ln
I—n—Z

(X — {00}, ) € MHS.

We will see that the weight filtration on this is given by

L. L.
] (X - {OO}) e)) and Wn -
n—2 Lan

Wy =0, Wy, = (X —{oc}, €),

—

so that it gives rise to only one interesting extension. The goal of this chapter is to
describe this extension in terms of algebraic cycles on a product of X (on X*™' to be
precise). The result generalizes a work of Darmon, Rotger, and Sols [6].

3.1 Construction of certain elements in the Bar construc-
tion

In this section, given an augmented differential graded algebra satisfying certain prop-
erties, we give a procedure that constructs elements is H°B with prescribed highest

length terms. This construction will be particularly important in understanding the

36
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Hodge theory of 7t; of a punctured curve.

We assume that A" is an augmented differential graded algebra, and that

(i) d(A") = (A",

(i) for each pair (a,b) of elements of A', s(a,b) € A' is such that d(s(a, b)) = —ab.

Let aj,...,a, € A’ be closed. Our goal is to give a closed element of EO(A') of the
form
(ai]...lan) + lower length terms.

For this, it suffices to construct a closed element of ®T ""(A") of the form
[ai]...]an] + lower length terms.

Set A, = [ai]...]ay]. Then d,(A,) = 0, and dn(A,) € T """, The idea is to define, for
eachr=n—1,...,1,an element A, € T""" such that d,(A;) = —dn (A, 1). The element

A+A+ o+ N

will then be closed.
Forr=n—1,...,1, define A, to be the sum of all simple tensors in T"" of the form

O TO  I § (3.1)

where each block is formed by (possibly 0) successions of s( , ), and such that when

we remove the symbols “|” and “s(, )”, we are left with
l[aj a; ... ayl. (3.2)

For example,

Ano1 = Z[al|---|8(ai> ais1)l...]anl,

i=1
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and
A2 = Z lai]...|s(ai, air)l. .. [s(ay, )] .. lan]

1<i<j—1<n-2
n—2

+ la]...|s(s(ai, @iv1)y Qiz2)] ... lanl
i=1
n—2

+ [ai]...[s(ai, s(aitry aiz2))l ... anl.

i=1

There will be much more variety for A,,_3:

Az = D Tl Is(as, aiq)l .- Is(aj, @)l - s (@, @)l - ag]
+ D lail...Is(ay, ai)l. - Is(s(@j, a51), @52l -]
+ Z[ml cos(agy ai)l. .- Is(ayy s(ajia, aji2))l - - lan]
+ Z[aﬂ .- Is(s(aiy aipr), ai2)l . [s(ajy ajer)] - 2 an]
+ Z[a1| . s(ayy s(agr, aig2))l ... Is(ayy aje)l . agd
+ ) lail...Is(s(s(@i, ain)y aiga), aiss)l - an]
+ ) lail..Is(s(a@y, s(@iy @ia)y aigs)l - - an]
+ ) lail...Is(a, s(s(@i, i), aigs))l - - an]
+ ) lail...ls(ai, s(ai, (@i, ais)))l - an]
+ ) lagl...Is(s(@i, ainr), s(@iv, @ii3))l - .- lan).

Note that in every summand of A,, there are exactly n — r occurrences of s.
Lemma 3.1.1. The element A,, + ...+ A; is closed.

Proof. Note that d,(A,) = dn(A) = 0. It remains to check that for each v, —dp(Ar11) =
d,(A;). But in view of the formulas (2.7) and (2.8), both —dy (A1) and d,(A,) are the
sum of all simple tensors in T~ of the form (3.1) where each block is formed by
(possibly 0) successions of s( , ), and such that when we remove the symbols “|” and
“s(, )", we are left with (3.2). That each a; is closed is important to make sure d,(A;)

is equal to the aforementioned sum. [

Remark. Itis easy to see thatif s : A'xA! — Alisbilinear, then the above construction
gives a linear map (Al ..4)®" — B,H°B(A).
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3.2 Hodge Theory of 711- The case of a punctured curve

3.2.1

Let S C X(C) be of finite cardinality [S| > 1, U =X —S§, and e € U(C). Let G = m(U, e)
and L,, = L,,(U, e). Our goal in this paragraph is to study (L,,)c more closely.

It is well-known that in this case there are holomorphic differential forms o (1 <
i < 2g+S|—1) on U whose classes form a basis of H!3(U). We can, and will, take these
such that «, ..., &g are of first kind (i.e. holomorphic on X), a41, ... x4 are of second
kind (i.e. meromorphic on X with zero residue along S), and o441, ..., Xg4s-1 are of

third kind with simple poles at points in S. Let R be the sub-object of E-(U) given
2g+IS|-1
by R® =C,R"'= Y oC, and R?* = 0. The inclusion map R* — E;(U) is a quasi-
i=1
isomorphism, so that in particular

BnHB(R) = B H°B(E,(U)) and HOB(R) = HB(E,(U)).

It is easy to see that H°B(R'), as a vector space, is the (underlying vector space of the)
tensor algebra on R', and the multiplication is the shuffle product. In other words,
HB(R') is the shuffle algebra on the letters o; (1 <1i < 2g + [S|—1). The filtration B. is
the tensor length filtration. The following description of L, is now immediate.

N Im+1

v
Proposition 3.2.1. The integration map H°B(R’) — lim (C[G]> which maps

[ocill--.lho]HJoq]..-oqr

is an isomorphism, which maps B,, onto (L,,)c. In particular, any complex valued
function on G that (after extending linearly to C[G]) vanishes on I™"! is given by a
unique (linear combination of) iterated integral(s) of length < m in the forms o;.

3.2.2

From now on, let S = {o0}. (Thus U = X — {0} and L, = L,,(X — {0}, e).) The com-
plex F'E'(Xlog oo) is exact in degree 2. For each a,a’ € E'(Xlogoo), let s(a,a’) €
F'E'(Xlog 0o) be such that d(s(a,a’)) = —a A a’. If a/A a’ = 0, we specifically take

s(a,a’) =0.
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The differential graded algebra E'(Xlogoo) meets the condition of Section 3.1, and
hence for wy, ..., w, closed smooth 1-forms on X, the construction given in that sec-

tion gives us a closed element of B'E (X1og 0o) of the form
(wql...|lwy) + lower length terms,

and thus a closed iterated integral on X — {co} of the form
J wj ... wy + lower length terms, (3.3)

where all the 1-forms involved are in E'(X log 0o0). Moreover, by construction, in each
term of length r above there are n — r occurrences of s, and hence at most n — r forms
with a pole at co. In view of the description of the weight filtration given in Paragraph

2.4.4, this implies the following lemma.

Lemma 3.2.1. Given closed smooth 1-forms wy,...,w, on X, there is an element of
W, (L,,)c of the form (3.3).

3.2.3

The Weight Filtration of L,,: We now show that the weight filtration on L,, coincides
with the length filtration.

Proposition 3.2.2. Forn <m, W, L, = L,.

Proof. It is enough to show W, L,, = L, for all n, for then, if n < m, we see in view of
W,L,, C L, that W, L, = L,,. We argue by induction on n. This is trivial for n = 0.
Suppose W,,_1L,_; = L,_;. In view of Proposition 3.2.1, it suffices to show that

Jog] oo, € Wo(Lye.
For each i, let w; € EL(X) be such that oy, = w; + df; on U, where f; is a smooth
function on U; this can be done because inclusion of U in X gives an isomorphism on

the level of H'. Thanks to the relations (2.10) satisfied by iterated integrals, we have

J oG, .. O, = J Wi ...wy + lower length terms.
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In view of Lemma 3.2.1 we can write
J oG, .. O, = (an element of W, (L,,)c of the form

J Wi ...wy + lower length terms>

+ J terms of length <n — 1.

The left hand side and the first integral on the right are both closed, so that the second
integral on the right also has to be closed, hence in (L,_;)¢, and by the induction
hypothesis in W,,_;(L,_1)c C Wy (L, )c. The desired conclusion follows.

]

3.24

In this paragraph we review some facts from group theory and then apply them to our
setting. Let I' be a finitely generated group, K € {Z, Q, C}, and I be the augmentation

ideal in K[T']. Let 2P .= [r_rr] It is well-known that

I—Iﬁ MoK =1 R (3.4)

is an isomorphism. For n > 1 however, the quotients o become increasingly more
complicated in general. (See Stallings [26].) On the other hand, if I' is free, these
quotients are easy to describe: One has an isomorphism

I 1)\*"

(vi—=1D.ec(¥a—Dl=yi—11®...0 [yn—11.

given by

Let I be free. Then Iiz, and hence IT{% for every n, is a free K-module. (Of course, this
is only interesting when K = Z.) One has for each n an obvious exact sequence (of

K-modules)

0 m KT K[ 0
- [t - [t - n — L.
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K[
We see by induction that each ILT‘ is free, and hence dualizing the previous sequence

KM\ ¥ KM\ Y ™\
0—>(In) H(IHH) —><W> — 0.
"\ 65 I\®" v G4y [, AV
(7)) © ((1—) ) = (rrex)™)

we get a short exact sequence

we get exact

Via

V Vv
T

KI[TI']

[n+1

v
Unwinding definitions, it is easy to see that qx sends f € ( ) to the map

l®...ond = fllvi—=1)...(va—1)]).

It is clear that (3.6) is compatible with extending K.

We apply this to the group G = m;(U, e). In view of the definition of (L, )k, the
isomorphism G®* ® K ~ H;(U,K) given by [y] — [y], and

XN

(Hi (W, K)=™) Y = (Hy (U, K)Y) ™ = (H' (W),

the sequence (3.6) reads

XN

0 — (L) " (L)x 25 (H' (W)™ — 0. (3.7)

Compatibility with extending K implies the maps in this sequence when K = C are
defined over Z (i.e. take integral lattices to integral lattices, and hence rationals to ra-
tionals). The sequence for K = Z is the restriction of the sequence for K = C to the

integral lattices.

The inclusion U C X gives an isomorphism H'(X) — H'(U). We will always

identify the two Hodge structures via this map, and from now on simply write H' for
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H'(U) = H'(X). Unwinding definitions, in view of

J Wi ... wy + lower length terms = J Wiy ... J W, (3.8)
Yn

(y1=1)e(yn—1) Y1

we see that the map qc¢ sends
Jun ... wy + lower length terms — [w] ® ... ® [wy], (3.9)

where the integral on the left is closed, each w; is a closed smooth 1-form on U, and

[wi] denotes the cohomology class of w;. Note that (3.8) is a consequence of (2.9).

It is clear from the description of the weight filtration on L, given in Proposition
3.2.2 that the map q¢ is compatible with the weight filtrations. We shall shortly see
that it is also compatible with the Hodge filtrations, so that it gives an isomorphism of

mixed Hodge structures
Ly

Ln—1

We will not try to take the fastest route to this end. Rather, we will conclude this as a

— (H)#n

consequence of existence of a section of q¢ respecting the Hodge filtrations. Over the
next three paragraphs, we will construct a particular section sf of q¢. This map enjoys

some nice properties and will play an important role later on.

3.2.5

In this paragraph, we review some basic facts about Green functions. For the proofs
and further details, see [22].

Let ¢ be a real non-exact smooth form of type (1,1) on X, D be a nonzero divisor
on X, and supp(D) be the support of D. Then ¢ is exact on X — supp(D). Indeed, one
can prove that there is a unique (smooth) function g, , : X —supp(D) — R, called the
Green function for ¢ relative to D, satisfying the following properties:

(1) If D is represented by a meromorphic function f on an open set (in analytic topol-

This is not a new result. See Remark (3) of Paragraph 3.2.8.
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ogy) V of X, then the function V — supp(D) — R defined by'

PF%%@WM+4@)MQHHF
X

extends smoothly to V.

(2) dd‘g,, = (degD)¢ on X — supp(D), where d° = ;L (3 — d) with the 9, 3 the
usual operators.

®) | 900 =0
X
One can show that a function satisfying (1) and (2) is unique up to a constant. Condi-
tion (3) is included to guarantee uniqueness. Conditions (1) and (2) are the important
ones for us. Take D = oo. It follows from (1) that locally near the point oo, with a chart
taken such that co corresponds to z = 0, the function g, looks like

—(J @) logzz + a smooth function.

X

It follows that 99, , near co (again with z = 0 corresponding to the point co) is of the
form

dz

—(J ®) ~ + a smooth 1-form,
X

so that 0ge, is in E'(Xlogoo). By condition (2), d(309s,e) = @ on U. To sum up,
given a a non-exact real two-form ¢ on X, we have a specific 1-form 5-9g, of type

1
(1,0) in E'(X1og co) with residue o J @ at co whose d is @ on U.

X

3.2.6

Throughout this paragraph, K = R or C. Let Hj (X) be the space of K-valued harmonic
1-forms on X. One has a commutative diagram

He(X) = Hy
N N
HE(X) = HL.

"The appearance of the extra factor [ ¢ compared to Lang comes from the fact that ¢ is not normal-
X

ized here.



CHAPTER 3. ALGEBRAIC CYCLES AND 71; OF A PUNCTURED CURVE 45

Via the horizontal isomorphisms we get a pure real Hodge structure #'(X) of
weight one with K-vector space Hj (X). The subspace F'H{(X) is the space of holo-
morphic 1-forms on X. Let A : Hj ® Hj — E&(X) be the “wedge product” map, i.e.
given by A\(w; ® w;) = wy /A w,. The following lemma combines some ideas of Pulte
[25] and Darmon, Rotger and Sols [6].

Lemma 3.2.2. There is a C-linear map
v He(X) @ He(X) — BN (Xlog o)
such that
(i) foreachw € HL(X) ®@ HE(X), d(v(w)) = — A (w) on U,
(ii) v respects the Hodge filtration F,

(iii) for each w € HE(X) ® H}(X), there is a smooth real 1-form vg = vg(w) on U
such that v(w) — vr is exact on U,
1
(iv) for every w € Hi(X) ® HL(X), the residue of v(w) at oo is I J/\(w).

m
X

~—

Proof. The cup product H' @ H' = H?(X) is a morphism of Hodge structures. Let K be
its kernel. Ignoring the rational structures, we can think of K as a sub-Hodge structure
of the real Hodge structure H' ® H'. Let K be its copy in #'(X) ® H'(X). Thus Kx
consists of those w € H}(X) ® Hk(X) for which A(w) € EZ(X) is exact. One has a
short exact sequence of real Hodge structures

0 — K" 1 (X) @ H'(X) = H' @ H' = H}(X) — 0.
The category of pure real Hodge structures is semisimple, so that there is
b € Hp(X) ® Hp(X) N F(He(X) @ He(X))
giving rise to a decomposition of #'(X) ® #'(X) as an internal direct sum
H'X)oH'(X) =K & L,

where £ is the one dimensional sub-object of H'(X) @ H'(X) generated by ¢. Because
of the linear nature of the requirements, it suffices to define v on K¢ and L satisfying

TWe could have instead worked over Q here, as the Mumford-Tate group of X is reductive. But this
would not result in any major simplification.
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(i)-(iv).

Definition of v on K¢: This part is due to Pulte [25]. The operator d on X is strict with

respect to the Hodge filtration, so that one can choose
v Ke — EL(X)

respecting the Hodge filtration such that dv'(w) = — /\ (w) on X. Now recall that
one has a decomposition E} (X) = Hy (X) & HE(X)*, where H} (X)* is the space of K-
valued 1-forms orthogonal to H}(X) with respect to the inner product defined using
the Hodge * operator. Recall also that the projections E}.(X) — HL(X) and EL(X) —
H{(X)* preserve type. Define v to be the composition of v’ and the latter projection.
Since harmonic forms are closed, we have dv(w) = dv/(w) = — A (w). Note that con-
dition (iv) holds trivially. We claim that v satisfies property (iii) as well. Let w € Kg.
Then /A(w) is exact and real, so that there is v, € EL(X) such that dvj, = — A (w).
Let vg be the component of vy in HER(X)l. Then dvg = dvy = — /A (w), so that
v(w) —vg € ”H(]C(X)L is closed. The desired conclusion follows from the general fact
that a closed element of ] (X)* is necessarily exact. Note that on the subspace K¢ the

requirements of the lemma hold on all of X, not just L.

Definition of v on L¢: Define v on the subspace Lz = C¢ by v(¢p) = —ﬁagoo,/\(q)).
Conditions (i), (ii) and (iv) hold by Paragraph 3.2.5. As for condition (iii), note that

—d®goon(¢) 1S real, and

1 1

——00c d.geo = ——dgs .
799 Ad) T AcGoo,A(¢) a7 $9e0 (@)

]

If the point oo is not clear from the context, we will write v, instead of v. Note

that the map v is not natural; it depends on the choices of ¢ and v'.

3.2.7

In this paragraph, we use Lemma 3.2.2 to construct a section sg of qc : (Ly)c — (HE)®™
that is compatible with the Hodge filtrations, and also such that its composition with

(Lh)ec — (LL“2> is defined over R. This map is of crucial importance in the later parts
n-2/¢

of the chapter.
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By exactness of F'E'(Xlog oo) in degree 2, one can (non-uniquely) extend the map

v of the previous paragraph to a map
v E1(Xlogoo) ® E'(Xlog oo) — E'(Xlog oo)

respecting the Hodge filtrations and satisfying d(v(w)) = — /\ (w) for every w €
E'(Xlog oo) ® E'(Xlog oo). The differential graded algebra E'(Xlog co) with the data
of s(a,a’) = ¥(a ® a’) for each a,a’ € E'(Xlog 0o) satisfies the conditions of Section
3.1, and hence in particular for wy, ..., w, € H&(X), we have a closed iterated integral
on U of the form

n—1

J Wy ...W, + Z Wi ... V(W ® wiy)...wy, + terms of length at most n — 2. (3.10)

i=1

(See the construction of Section 3.1.) In view of (HL)®" = (H[)®™, we define the map
sp i (He)®™ — (Ln)c by

[wi] ® ... ® [wy] — the iterated integral described above,

where w; € H(X) and [w;] denotes the cohomology class of w;. This is well-defined
and linear (see the final remark of Section 3.1), and in view of (3.9) it is a section
of qc (of Paragraph 3.2.4). Also, it is apparent from the construction of Section 3.1
that since v preserves the Hodge filtration F, so does sf. That s¢ respects the weight
filtration (over C) is obvious from W, (L, )¢ = (L.)c. We have proved parts (i)-(iii) of

the following lemma.

Lemma 3.2.3. There is a C-linear map sy : (H{.)®™ — (L,)c that satisfies the following

properties:
(i) Given wy,...,w, € HE(X), sp([w] ® ... & [wy]) is of the form (3.10).
(i) sfis a section of qc : (Ly)ec — (HE)®™
(iii) sr respects the Hodge and weight filtrations.

(iv) The composition
|

L )c

quotient

se: (Hp)®™ =5 (La)e  —

(

is defined over R.
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Proof. (of (iv)) We must show that if w € (H})®™, then

L, L,
Jr C (

sp(w) € (I—n—Z L )e

or equivalently, sg(w) € (L) + (La—2)c. It suffices to consider w = [w] ® ... ® [wy],
where the w; € H}(X). In view of Lemma 3.2.2(iii) and the relations (2.10) satisfied by

iterated integrals, we have
n—1
sr(w) :J w9 ...wn+Zw1 oo VR(Wi ® wiy) ... wy + terms of length <n — 2.
i=1

Applying the construction of Section 3.1 to the differential graded algebra E(U) with

s(—,—) chosen such that s(wi, wit1) = Vr(w; ® wiy), we get a closed element of

§O(ER(U)) of the form

n—1
(il Jwn) + Y (wil... [ve(ws ® wip)]. .. |wy) + terms of length < n —2,
i=1
and hence an element of (L, ) of the form
n—1
J w9 ...wn+Zw1 o VR(W ® wig) ... wy + terms of length <n — 2.

i=1

This differs from s¢(w) by an element of (L,_,)¢, giving the desired conclusion. ]

3.2.8

Let qc be the isomorphism of vector spaces

L
n — (HL)®™
(Ln—1>c ( C)

induced by qc. Let s¢ be the composition

(HL)ER 5 (L) 5 ( En )
n .
© Ln—] C
Then sf is the inverse of q¢. By the discussion of Paragraph 3.2.4, q restricts to an
isomorphism of the integral lattices. It follows that the same is true for s;. Moreover,

S¢ is compatible with the Hodge and weight filtrations (because so is s§), and hence is
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a morphism of mixed Hodge structures. In view of strictness of morphisms in MHS
with respect to the Hodge filtration, q¢ is also compatible with the Hodge filtration.
The following statement follows. (Compatibility of q. with the weight filtration is

obvious.)

Proposition 3.2.3. The map q¢ induces an isomorphism of mixed Hodge structures

_. Ly
a4 Lnfl

— (H)®™.

In the interest of keeping the notation simple we did not incorporate n in the
notation for q here. This will not lead to any confusion in this chapter. Later, if there
is a possibility of confusion, we will instead use the decorated notation q,, for the

isomorphism given in Proposition 3.2.3.

Remark. (1) Note that in particular this says even though the mixed Hodge structure

Lj] does not. In fact, it

Ln
does not even depend on the point co we removed from X. It is true in general that for

Ln
Ln—]

L, may depend on the base point e, the quotient Gr!'L,, =

any smooth connected complex variety the quotients
point. See (3.22) Remark (iii) of [20].
(2) It follows from the above that the map (¢ is also compatible with the Hodge filtra-

are independent of the base

tion, and that (3.7) is a short exact sequence of mixed Hodge structures.
(3) We should clarify that Proposition 3.2.3 is not a new result. For instance, it can be
deduced from the ideas behind Remark (iii) of Paragraph (3.22) of [20].

3.3 The extension E°,

3.3.1

Let A be a mixed Hodge structure with torsion free A;. The kernel of the surjective
map
Homz(Az, R) — Homz(Az, R/Z)

induced by the natural quotient map R — R/Z is Homy(Az, Z). Putting this together
with
Homg (Ag, R) = Homz(Az, R),
we obtain
Homg (A, R)

=~ H Az, R/Z).
HOmz(Az,Z) OmZ( Zy /)
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Now suppose A is pure of odd weight. Then so is A, and

22) HomR(AR ]R)
AV = & | Az, R/7Z).
J HomZ(AZ) Z) OmZ( Z) / )

Unwinding definitions, we see that given f : Ac — C defined over R, the class of f in

JAY corresponds under the identification to the composition
Az "M AR LR - R/Z (3.11)

in Homyz(Az,R/Z).

Remark. Here we make an observation that will be useful later on. Let A be of weight
2n—1,and f : Ac — C be defined over R. It follows from the above that f(A;) C Z if
and only if the restriction of f to F*A¢ is equal to that of an element of Homy (A7, Z) C
Hom(Ac, C). Indeed, the first statement is equivalent to that the composition (3.11) is
trivial, which is equivalent to that the class of f is trivial in JAY, i.e. f € FI'"(AY)¢ +

Homy(Az, Z), which, in view of
FY(AY)e ={g: Ac — C: g(F*Ac) =0},

is equivalent to the second statement. Note that the “only if” part of the statement is

trivial.

3.3.2
Let H; := (H")V. We identify (H;)z with H;(X, Z) (the singular homology). One has an
isomorphism of Hodge structures H' (1) = H, given by Poincare duality
PD : H'(1) = Hj, [w] J[w]/\—,
X

where w is a smooth closed 1-form on X. This gives for each positive n an isomor-
phism
PD®n . (H1)®n(n) N H?n ~ (Hl)®fn)

given by

@i, elwn) - PDIwi)e.. . @PD(lwn) = | lwfl ... i) o T [lwd Alw]
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We have

Carlson (Par. 2.2.2)
Ext ((H1 )®n) (H1 )®nf1> ~ ]Ho_m ((H1)®n’ (H1)®nfl)

Lemma 2.1.1(a)

Ile

JHom ((H")*" @ (H)*'™", Z(0))
JHom ((H")*" & (H)*" (n—1),2(0))
Lemma 2.1.1(f)
~ I((Hl)®2n71)v. (312)
Let ¥ be the composition isomorphism
Ext ((H1 )®n’ (H1)®nf1) - I((H1 )®2n71)\/'
We denote by @ the isomorphism

J(HD)#** )" — Homg ((H)**", R/Z)

given by Paragraph 3.3.1. (To make the notation slightly simpler we did not include n
as a part of the symbol for the maps @ and V. This should not cause any confusion as
n will be clear from the context.)

3.3.3 Definition of E7’,

n

Letn > 2. In this paragraph, we use to define an element

n—2

EY, € Ext((Hh®™, (Hh®™ ),

It follows from Proposition 3.2.2 that the weight filtration on —— is given by
n—2
Ln—l Ln
anZ = O, Wn,] = Ln_z) and Wn = E.
The filtration gives rise to the exact sequence
I—n— L I—n uotien I—n
0— L4 one — 0,

n—2 Lan n—1
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where  is the inclusion map. Using the isomorphism of Proposition 3.2.3 to replace

=L (resp. t=-) by (H')®" (resp. (H')®"), we get the exact sequence
i I—n
0 — (Hhe~! 4 T 4 (HHY® — 0. (3.13)

Here i = 1q ', and q is the composition

Ln quotient I_n
—
Lan Lnfl

5 (HYem,

Let E?, € Ext((H")®™, (H")®™") be the extension defined by the sequence (3.13).

Remark. (1) For each n > 2, one gets a map (of sets)
X x X (C) — diagonal — Ext((H")®", (H")®" )

given by (e, co) — EZ%,.
(2) One can deduce from a theorem of Pulte [25] that the map

X(C) — {oo} — Ext((H")**, H")
defined by e — K3, is injective.

Our goal in the remainder of this section is to describe the images of EX°, under ¥
and @ o V. To this end, in view of Paragraph 3.3.1 and (ii) of Paragraph 2.2.2, we will
define an integral retraction of i and a Hodge section of q defined over R. (See (3.13).)

3.3.4

An integral retraction of i: In this paragraph, we define an integral retraction r7 of i,

i.e. a linear map
Ln

Lan

defined over Z, that is left inverse to i.

Je — (Hg)®™!

Tz (

Choose B1, ..., B2g € T (U, e) such that the [3;] € H;(X,Z) form a basis. To define
an element of (H{)®™, it suffices to specify how it pairs with the elements [B;,] ®...®

[B;,,] of Hi(X,Z)*™"". Moreover, an element of (H-)*™" is in (H},)*™" if and only if
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it produces integer values when pairing with the [3;,] ®...®[B;, ,]. Given an element

L. )
Lnfz Cy

f= [ X wi ot (L €

where w; is a sum of terms of length i and the iterated integral is closed, set r(f) to
be the element of (H{.)®" ' satisfying

Ble..oB Jram = | Y (3.14)

(B, —1)ew(By,_, 1) =T

Note that
Z Wy = J Wy + W1,
(B, —1)e(By,_—1) =T (Bj; —D)ew(Bs,_—1)

Since (L,_;)c vanishes on I"', 1 is well-defined. Moreover, 1, is defined over Z,

Ly . . .

forif f € (L )z, the iterated integral [ >~ w; can be chosen to be integer-valued on
n—2

m (U, e), and hence (3.14) is an integer. Finally, we check that 1 is a retraction of i. In

view of Lemma 3.2.1 and the formula (3.9) for qc, if wy,...,w, ;1 are smooth closed

1-forms on X, i([w] ® ... ® [wy_1]) is of the form
Jcm ... wn_1 + lower length terms mod (L,_,)c,

where the iterated integral is closed. We have

Bl ®...® B, ) (tzoillon]®@...0we))) = J Wr . W
(BJ*] ])"'(Bjni]_])
= J(U] J Wn—1y,
Biq Bin_1

which is the same as

[BN] ® e ® [Bjn,]] ([(.U]] ® e ® [wnfl]))

as desired.

Remark. The retraction 17 is by no means natural, as it depends on the choice of the

B;-
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3.3.5

A real Hodge section of q: The first assertion of the following lemma is immediate

from Lemma 3.2.3 (ii), (iii) and (iv). In view of the sequence (3.13) the second assertion

follows immediately from the first.

Ln
Lh2

(HE)®™ defined over R that respects the Hodge and weight filtrations. In particular, it

Lemma 3.3.1. The map s (defined in Lemma 3.2.3(iv)) is a section of q : ( Jc —

gives an isomorphism
Ln

Lan

as real mixed Hodge structures.

~ (H1)®n D (H1)®n71

3.3.6

In this paragraph, we describe the images of the extension [E;°, under ¥ and ® o Y.

Proposition 3.3.1.  (a) Y(E,) is the class of the map that given c € (HE)®", d €
(HL)®™', it sends ¢ @ d to PD®™'(d)(r7 o s¢(c)). More explicitly, if ; € 7 (U, e)
(1 <j < 2g) are such that {[B;]} is a basis of H;(X,Z), and wy,...,w, € HL(X),
Y(E?,) is the class of the map that sends

[wi] ®...® [wy] @ (PD ) ([By,] ®...® B, ,])

to
J w1...wn+Zw1...v(wi®wi+1)...wn.
(B —1)(By,_ 1) k

(b) @ o W(E,) is the map that given ¢ € (H})®", d € (Hy)®"', it sends ¢ ® d to
PD®"1(d)(rz o s¢(c)) mod Z. More explicitly, for y; € m(U,e) (1 <j <n-—1),
and wy, ..., w, € Hy(X) with integral periods, ® o ¥(E7?,) sends

(Wil ®...® lwy] @ (P ) (] ©...® lya)

to
w9 ...wn+Zw1 ov(wg® wigr) ... wy mod Z.
(y1=T)lyn1-1) :
Proof. (a) We track E7, through different steps of (3.12). In view of method (ii) of
Paragraph 2.2.2, the element in JHom ((H")®™, (H')®"") corresponding to Eg°, under
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the isomorphism of Carlson is the class of 17 o sr. (See Paragraph 3.3.3.) That the latter

goes to the described element of J((H'")®*"~1)" is clear. For the second assertion, define

17 using the basis {[3;]}, and then the assertion follows on noting that 17 o s¢([w;] ®
.. ® [wy]), by its definition, pairs with the element [3;,] ® ... ® [B;, ,] € (H; )%“‘1 in

the desired fashion. (See (3.14) and Lemma 3.2.3(i),(v).)

(b) The section sy is defined over R, and hence so is 17 o s¢. Thus the map

c®d— PD®(d)(rg 0 s¢(c))

of Part (a) is also defined over R. The first assertion follows. The explicit description
of Part (a) implies that (with (3; as in Part (a)) ® o ¥(E?,) sends

(W] ®...® [wd @ (PD ) (B, ] ®...® B, ,])

to
. Wy + Z wi...v(Ww;® wiyr)...w, mod Z.
(B =1 (B, —1)

To get the basis-independent formula, in H; (X, Z)®™"' we write
Wl@..@nil= D ¢, Bile... B,

J1seenin—1

where the coefficients are all integers. In view of the isomorphisms (3.4) and (3.5), the

element
}\:: (‘Y1_1) ‘YT]' ]_] Z CJM on—1 6]1_ ) "(6].1'\71_1)61“7])
J1yeenin—1
where I € Z[m; (U, e)] is the augmentation ideal, actually belongs to I". Thus
J wn+Zw1 v(w; ® Wiyr) .. wn:Jw1...wn€Z,
A A

as A € I" and the w; have integer periods. This gives the desired conclusion. O

Remark. (1) The use of a basis in part (a) of the proposition is just to make the map
well-defined.
(2) The map ®o¥(E7°,) can be thought of as an analog of the pointed harmonic volume

I. € Hom(K; ® H},R/Z)
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of B. Harris [21]. Pulte [25] showed that I. corresponds under the isomorphisms

Carlson Poincare duality

Ext(K,H') = JHom(K,H") = JHom(K ® H', Z(0)) = Hom(Kz; ® H),, R/Z)

to the extension given by the sequence

L L L
0 — —(X,e) — 2(X,e) — 2(X,e) — O.
I_o I—O I—]
1 2l (3.15)
H K

3.4 Algebraic cycles A, . and 277,

3.4.1

Letn > 2. In this paragraph, we use the construction of Gross and Schoen (see Section
2.7) to define a null-homologous cycle A, . € Z,_;(X* "), which will play a crucial
role in the remainder of the thesis. We use the notation of Section 2.7 with m = 2n—1.

For 0 <1i<n,let 8 : X' — X" be the embedding
(X7y e e ey Xna1) B (X1yeeey Xiy Xiy e ooy Xno1)-

Then Ty, € Z, 1(X**"), and thus (P,).('Ts,) is null-homologous. We define

Ane = (Pe)s (Z(_”i] tr&) — Z(—”H(Pe)*(tr{,i) € Z, 0.

i i

It is of course null-homologous. (See Section 2.7.) It is clear from the definition that

A, is simply the modified diagonal cycle Aggs . of Gross, Kudla, and Schoen in X.

3.4.2

In this paragraph, we realize the cycle A, . as the boundary of a chain. This will be
particularly important when later we study the image of A, . under the Abel-Jacobi

map.
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Let A, be the closed subvariety
{(X1y X1y X1, X2y X2y« « oy X1y Xn_1) : X4 € X}

of X1, where each x; (1 > 1) is appearing in exactly two coordinates. It is a copy of
X" embedded in X**~! via the map

(X1y ey Xneo1) = (X075 X1, X1y X2y X2y e o oy Xnm1y Xn—1)

and can also be thought of as an element of Z,_;(X*"'). It is easy to see that

n — 2 factors
N\

(Pe)*(/\n) = AZ,e X (Pe)*(AZ(X)) Xooo X (Pe)*(AZ(X)) .

Let 07'(A,,) be an integral 3-chain in X* whose boundary is A, . (See for instance the
proof of Lemma 2.3 of [6] for such a 3-chain.) Then (P.).(A,) is the boundary of

n — 2 factors

07 (Aze) X (Pe)u(A*(X)) X .. X (Pe)o(AH(X)) =107 (Pe)u(A).

It is clear that each 'T5, is a copy of A,. Specifically, 'Ts, = (01).(An) where o; is the

automorphism of X*"! that sends (x1,...,Xzq_1) to

(X4) X6y oo oy X209y X1y X2y X2142y X2i44y « oy X2n—2y X595 X7y o o ¢y X2i41y X3y X2i4+3y X2{+5y « - + y X2n—1 )-

Lemma 3.4.1. (P.), and (o}), commute (as maps Z(X**') — Z(X>)).

Proof. With abuse of notation, suppose o; is the permutation of 1,2,...,2n — 1 such
that

0'1(X1, oo ,inf]) — (X’O‘;] “))XO';] (2)y =+ ’XO';] (2‘[171))'

Then for each subset T of {1,2,...,2n — 1}, qropr o 0y = 050 q,—11 © p,-17. We have
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<Z(—1 )™ (qr o PT)*) (01)s

-

= > (=1)™(groproay.
-
D

). (Z(—n”“(quT p))

It follows from the lemma that

(Gi)* ((Pe)*(/\n)) = (Pe)* (tréi)>

and hence

We set

It is immediate from the above that the boundary of this chain is A, .

3.4.3

In this paragraph, we define another family of null-homologous cycles that will be
used later on. Letn > 2. Giveny € X(C), for0 < i< n,let Zz’i € Z (X ) be

(X0 e e ey X1y Xy Xy Xt Ty e e oy X Ty Xly e o oy X Ty Yy Xit Ty o o oy Xn1) = X1y e ooy Xno1 € X}

Here each x; appears in exactly two coordinates. There are different ways of thinking
about this cycle. For instance,

Zy ;= (i) To
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where 7,1, is the map X! — X?™ that replaces the (n +1)-th coordinate by y, and

keeps the other coordinates unchanged.

It is clear that the cycle Z7°, — Z7 ; is null-homologous. For future reference, here
we explicitly define a chain whose boundary is Z3% — Z7 ;. Choose a path v¢° in X from

e to 0o, and let

C?Se = Az(x)ni] X Ygo = {(thh s aan»Xn—hYgo(t)) tXi € X)t € [O» 1]}

One clearly has
0Cy, = A*(X)™ x {oo} — A*(X)™" x {e}.
For 0 < i < n, let 7; be the automorphism of X**~! that maps (x1,...,%n_1) to
(X1,X3y ... y X2(1—1)—=1y X2i—1y X2iy X2(i41)=1y « = + y X2(n—1)—1y X2y Xdy « ¢ « y X2(i—1)y X2n—1y X2(i41)y + - - ,Xz(nq)),

which is designed so that
() (A2 x {y}) = Z3;

for every y. Then
0(Ti)(CRe) = 230 — 23 5. (3.16)

We put together all the Z7°, — Z7 ; and define

n—1
Zie= ) (CVTNZE - ) € 23X,

i=1

3.4.4

Remark. While we worked over C in this section, it is clear that the constructions of

A and Z7°, remain valid over any field K that can be embedded into C. More pre-

cisely, if X, is a geometrically connected smooth projective curve over K, and e, oo €

Xo(K), the above constructions give null-homologous cycles A, . and Z77, in Z,, Xé“_1 )
(or in CH,,_1(X3™)).
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3.5 Statement of the main theorem

Our goal in this section is to state the main result of the chapter, which expresses the
extension EZ°, in terms of the cycles A, . and Z7°,. Its proof will take the remainder of
this chapter.

3.5.1

Notation. We adopt the following notation for the Kunneth decomposition of coho-
mology. Given manifolds M and N, we think of H'(M) ® H/(N) (singular or de Rham
cohomology) as a subspace of H"7 (M x N). Given ¢ € H(M), d € H/(N), the element
c®@dof H (M x N) is pri(c) Apr;(d), where pr; the the projection of M x N onto its i
factor. We adopt a similar notation for differential forms: given w and ¢ differential
forms on M and N, we refer to the differential form prj(w) A pr3($p) on M x N by

w ® ¢. Similar notation is used for more than two factors.

3.5.2

Forn > 1, let h,, be the composition of the Abel-Jacobi map

CHhc>71111(X2n71 ) N JHanl (Xanl )\/

n

with the map
]Hanl (X2n71 )v — J( (H] )®2n71 )\/

induced by the Kunneth inclusion (H")®""! ¢ H"(X*" 1), It is easy to see from

definitions that if Z € Z"°(X*"") and C is an integral chain in X**~! whose boundary

is Z, hy(Z) is the class of the map that, given harmonic 1-forms w;,...,wm_1 on X, it
sends
(Wil @ ... [Wa_1] — J(m R ® Win_q. (3.17)
C

Note that h; is just the “classical” Abel-Jacobi map CHgom(X) — J(HYVY.

If Z and C are as above, since the map (3.17) is defined over R,

®(ha(Z)) : (Hy)*™ " = R/Z
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is the map that, given harmonic forms wy,...,wz,—; on X with integral periods, it
maps
Wil ®...® [Wi_1] |—>Jw1 Q... Wiy_1 mod Z.
C

(See Paragraph 3.3.1 and Paragraph 3.3.2.)

3.5.3

Now we are ready to state the main result.

Theorem 3.5.1. Let n > 2. We have

n(n—1)

Y(ET) = (1) 2 hn(Ane —Z7,). (3.18)

When n = 2, a slightly weaker of this is due to Darmon, Rotger, and Sols [6]. (See

the next section.)

3.6 n =2 case - A formula of Darmon et al revisited

3.6.1 Independence of —‘P(Efe) + hz(Zfe) from oo

Lemma 3.6.1. The element —Y¥(ES;) + h,(Z5%,) is independent of the point co # e, i.e.

if 007, 00; # e, then
—‘P(Eg’;) + hz(ng) = —‘P(efj) + hz(Zfez).

Proof. Let 0oy, 00, # e be distinct. After passing to Hom ((H},)*3,R/Z) via @, in view
of Proposition 3.3.1, we need to show that if w, p,n are harmonic forms with integral
periods on X, and v, € m;(X — {coy, 002}, €) is such that its homology class in H; (X, Z)
is PD([n]), then

001 02

—pr+vool(w®p) + JwAp Jné—pr-i-vooz(w@p) + Jw/\p n,
X

Yn X € Yn

o
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or equivalently

001

—Jvool(w@)p)—vooz(w@p)—l- Jw/\pJnGZ, (3.19)

Yn X 002

where the integrals of 1 are over any path in X with the specified end points. Fix w
and p. For brevity we write v; for v, (w ® p). Note that if w /\ p is exact on X, then
the statement clearly holds, as then v; € HEX)E and vi — vy, being a closed element
of H{(X)4, is exact, so that the number above is simply zero. (See the proof of Lemma
3.2.2.) So we may assume w /\ p is not exact on X. Then the 1-form v; — v, satisfies the
following properties:

(i) Itis meromorphic on X, holomorphic on X —{c01, 00,}, with logarithmic poles at

oo1 and oo, with residues 57 and —5 respectively for some integer a # 0.

(ii) Its cohomology class in H'(X — {007, 00,}) is real, i.e. it can be written on X —

{007, 003} as the sum of an exact form and a real closed form.

Indeed, (i) follows from that both v; and v, are of type (1,0), and dv; = dv, = —w A\ p
on X — {007, 002}, so that v; — v, is holomorphic on X — {co1, 00,}. For the behavior at
oo, note that v; € E'(X log 0o;). The statement about the residues is immediate from

Lemma 3.2.2(iv) (a = [ w A p). Statement (ii) follows from that each form v; can be
X
written as a real form on X — {o0;} plus an exact form on the same space.

The statement (3.19) now follows from the following lemma. O

Lemma 3.6.2. Let 001,00, # e, and C be any 1-form satisfying conditions (i) and (ii)

above. Then for any harmonic 1-form n on X with integral periods,

001
—JC+aJnEZ,
Yn 02

where v, € (X — {001, 00,}, e) satisfies PD([n]) = [y,].

Proof. First note that the integral [ ¢ /A1 converges for any n € H{(X), as the integral
X

of 24 converges on the unit disk in C. Thus one gets a map h : H. — C given by
M) — [ ¢/An. We claim that this map takes integer values on Hj,. Note that since h
X

vanishes on F'H', by the remark in Paragraph 3.3.1, it suffices to show that it is defined
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over R. Suppose n € H},(X) has integer periods. The claim is established if we show
h(Mm]) is real. We may assume that the map

Jn TH (X, Z) = Z (3.20)

is surjective, and that y,, € (X — {c01, 003}, €) (Poincare dual to [n] in H;(X,Z)) has a
simple representative loop, which we also denote by y,,. One can show that there is a
Riemann surface X, a covering projection 7t : X — X, and a deck transformation T of 7
such that

- 7N = df for a real function f on X.

- fT — f is the constant function 1.

- There is a lift ¥, of v,, and a submanifold with boundary X© of X such that
X = T¥, — ¥y, and the restriction of 7 to X — 9X® is an isomorphism of
Riemann surfaces onto X — v,,.f

Now let for each i, D; be an open disk around oo; in X, small enough so that DiND, =0

and D; N Yy = 0 (bar denoting closure). Denote by co; and D; the lift of co; and D; in
X9, Then we have

J (/AN = J AT = J —df A" C
X-DjUD, X(0)_D,UD, X(0)_B;UD,
= J —d(ft* ()
X(0)-HuD,
= — J frt" ¢
9(X(0)-DyuD,)
= J '

Yn—T¥n+3D1+3D>

= J " + J " .

Yn—TVn 0D +0D,

fSuch a covering projection is obtained by taking a copy XV of X for each integer i, “cutting” the
X% along v, and then gluing X% to X““_) appropriately along yy,. The deck transformation simply
sends a point in XV to its counterpart in X1,
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J C/\n:—JCJr J .

X—D;UD3 Yn aD]+aD2

It follows that

We would like to know what happens as D; — {co;}. Write

J " = J f(oy)T" ¢ + J (f — f(c0;)) *C.

0D; 0D; aDi

Since C is holomorphic on D;— o, with a pole of order 1 at oo;, and f —f(co;) is smooth
and vanishes at 5o;, the second term goes to zero as D; — {oo;}. The first term is equal
to 27tif(c0;)resy, (¢). Thus

JC/\n _ j C + alf(co)) — f(co2)). (3.21)

X Yn

The second term on the right is real as a and f are real. The first term is also real
because the cohomology class of ¢ in H' (X —{co1, 00,}) is real. Thus the claim is estab-
lished.

Now it is easy to conclude the lemma. Let n be as described in the statement.
Without loss of generality we may assume that (3.20) is surjective, and that v, has a
simple representative loop. Then we know (3.21), and hence

001
JCAné—Jc + aJn.
X Yn o2
The left hand side (which is h(n)) is an integer. O
3.6.2
When n = 2, Theorem 3.5.1 asserts that
Y(EZ,) = ha(—Aze + Z55,). (3.22)

This is a slightly stronger version of a theorem of Darmon, Rotger, and Sols [6, Theo-

rem 2.5]. Their result can be stated as to assert that, for every Hodge class & of (H')%?,
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one has
£ (V(ES)) = &' (ha(—Age + Z32)), (3.23)

where &7 : J(H)®)Y — J(H")Y is the map that sends [f] — [f(§ ® —)] for any
fe ((HJC)@B)V. (This is well-defined because & is a Hodge class.)

Let {B;}; C (U, e) be such that {[(3;]}; forms a basis of H;(X,Z). For each j, let
1 be the harmonic form on X such that PD([n;]) = [;]. In view of our description of
\P(Efe) given in Proposition 3.3.1, (3.23) is equivalent to thatif & = ) [w;]®[p;] with w;
and p; harmonic forms on X with integral periods, then the two maps Hi. — C given
by
] — J Y wi@p e
1Ay

and

iyl = — szipﬁrw&) + J EJﬂj,
B; A2(X)  Y®
represent the same class in J(H")Y. For this it suffices to verify that the restrictions of

the two maps to F'H(. differ by (the restriction of) an element of (H;)z, and this is what

Darmon, Rotger and Sols do in [6].

The argument given in [6] combined with Lemma 3.6.1 indeed implies (3.22). To
see this, let us start with an obvious observation. Suppose A, B, and C are abelian
groups. Then a map f : A ® B — C is zero if and only if, for every a € A, the map
B — C defined by b — f(a ® b) is zero. Now suppose we have a map f : (H{)®* — C,
defined over R. Then [f] is trivial in J((H")®?*)" if and only if ®([f]) = 0, and since f is
defined over the reals, the latter amounts to that 7to f |(le @3 =0, wherem: R — R/Zis
the natural map. This is equivalent to that for every & € (H})®?, the map H), — R/Z
given by ¢ — mo f(§ ® ¢) is zero, or equivalently, the map &7'f : H. — C defined by
¢ — f(& ® c) is integer-valued on H},. The latter by the remark in Paragraph 3.3.1 is
equivalent to that the restriction of & 'f to F'H' coincides with that of an element of
(Hy)z.

In view of the above observation, (3.22) is equivalent to that, for every & = [w] ®

[p] € (H})®?, where the w and p are harmonic forms on X with integral periods, the
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restriction to F'H}. of the map H. — C defined by

;] — J wRPRMN; + pr+\/(£) - JiJﬂj

917 B; AZ(X) Y&

is equal to that of of an element of (H;)z. This is exactly Theorem 2.5 of [6], except that
here & is not necessarily a Hodge class, but rather merely an integral class. However,
the argument in [6] works just as well here too, as long as one can replace the point co

by a point at which certain technical conditions' hold. Lemma 3.6.1 allows one to do
this?.

3.6.3

We close this section by noting that applying the map @ to (3.22), we get that, if
w, p, 1 are harmonic forms on X with integral periods, and v,, € m;(U, e) is such that
PD([m]) = lyy) in homology of X, then

J w®p®né—J(wp+v(w®p)) + Jw/\p Tn. (3.24)

a71A2,e Yn X

(See Proposition 3.3.1(b).)

3.7 Proof of the general case

In this section we use the contents of the previous sections to prove Theorem 3.5.1 in
n > 3 case. We will equivalently show that the two sides of (3.18) have equal images

under ®. Let wy,...,w, and 1y,...,M,—1 be harmonic forms on X with integral peri-
ods, and for each 1, y; € m;(U, e) be such that [yi] = PD([ni]) in H; (X, Z). All equalities
below take place in R/Z. We use the notation [...[...] for ... ® ..., and for brevity

denote (“_3)2& by m. The reader can refer to Section 3.4 to recall the definition of the

chains and permutations that appear in the calculations.

fon the “positioning” of co relative to 37 1A; ¢
*In [6], a similar task is performed by Lemma 1.3, which asserts that our Lemma 3.6.1 holds after

applying £7.
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We have
O (hn(Ane)) ] .. Jwnml. oo Mna] = J [as] .. Jwnmil ..o Nni]
a*TAn,e
n—1
= Y () J (1l |walmi] .. ).
= (01)+ (01 (Pe)s (An)
We also have
J (il .. [wnlm]- - i) = J ()" ([wnl. ... leonm] .. ),
(Ui)*(ail(Pe)*(/\n)) ail(Pe)*(/\n)

and recalling how o; permutes coordinates of X**~!, we see this is

= (1 )nH_Hm J [wi|wi+1|ni|w1 My .. i Mi |wi+2|ni+1| cee |wn|ﬂn—1]
afl(Pe)*(/\n)

= (—7)rttim [wilwiprmilwimil...lwisimic lwiaMial -« - w1

(0-1Ag,0) X ((Pe ) A2(X))1-2
N i—1 n
= (=nnrihm [wilwiamd T J lwiimi] T J [w;fn;—1]
0-TAs . =1 (po) a2(x) =2 (p,) A2(x)
" n

i1
= (—nnftitm [wi|wig1ni] H J [w; ;] H J [w; -],
=1

1A AZ(X) =2 a2x)

as the other summands in (P.).A?(X) do not contribute to the integrals. In view of
(3.24), the last expression is

i-1

— n
= (=1t —Jwiwm + v([wilwin]) +Jwi/\wi+1 Jm ij A H ij AN
Vi X e =1 X j=i+2y
0o i1
_ - i—T+m | oy, . . A W . T .
= (=1 wiwi +V(lwilwinl) + [ wiAwg [ne] T | ws H
M X . =1y, =2y

It follows that

(D" O (hn(Ane))lws]. . Jwnmil. .. Mna] = —(1) + (ID), (3.25)
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where
n—1 i—1 n
(I) = Z Jw1w1+1 —|—V([CU1|CU1+]]) HJ‘U] H J (U)
=1\, =1, j=ir2,
and
n—1 oo i—1 n
an = leAw1+1 JmHij I] J w,
=1 x e j=T Yj ):HZY)’ 1
In view of (2.9),
n—1 i-1 n n—1 i-1 n
(I) = ZHij Jwiwi-i-] H J wj + Hij JV([wi|wi+1]) H J wj
==y j=it2, " ==l j=tr2,
n—1
= J Wi ...w, + W1 ... Wi V([wilwig])wigs ... wy
Y1=Dwlyn-1-1) L OV S (VP
= OW(EX))([an]...|waml...Mnl)y (3.26)

by Proposition 3.3.1(b).

On the other hand, for 1 <1 < n —1, in view of (3.16),

O (ha (22— Z8)) ([l . |walmil .. [1aa]) = j (Wil i ]
(t)«(Ce)

* n,e

= | @l ol
o
which, in view of the definition of C7°, and on recalling how T; permutes the coordi-

nates of X*"1 is

i—1

= (—1)miniid Jwi /\ Wiy J Ni HJCU]' AT H ij A1
=1 X X

= j=i+2
X vy j=1 j=i+

n

= (_1)m+i]JwiAwi+1 Jni ﬁjwj I J w;.

i—1
X yo j=1 vi ):H-ZYF1
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Thus

@ (ha(Z2 ) ([wil. . dwalml oo aal) = ) (1) @((Z3% — Z8 ) ([l lwamil .. 1))

i=1
n—1 i—1 n
= Z(_])mjwl/\wl-&-] JﬂxHJw] H J Wj
1 X ye oo =] j=i+2, "
= (=)™ (1D). (3.27)
Finally, combining equations (3.25), (3.26), and (3.27), we have
(="M@ (hn (A an]. . Jwaml ..l = —OMW(ERS)) (lan]. .. |waml... M)

+ (=)0 (ha(Z3)) ([an. . Jwnml. .. nal),

giving the desired conclusion.



Chapter 4

Hodge Theory of 7t{(X —{o0}, e) and

Rational Points on the Jacobian

Fix a subfield K ¢ C. From now on, we assume that the curve X and the points
e, 0o (notation as in the previous chapter) are defined over K. More precisely, suppose
X = Xo xk Spec(C), where X, is a projective curve over K, and that e,co € Xo(K). Let
Jac = Jac(Xo) be the Jacobian of X,.

4.1 Associating points in Jac(K) to E7°,

In this section, we show that one can associate to the extension E7°, a family of points
in Jac(K). The approach follows the ideas leading to Theorem 1 and Corollary 1 of
[6], and generally speaking, is in line with Darmon’s philosophy of trying to construct

rational points on Jacobian varieties using higher dimensional varieties.

Throughout, we identify

Jac(C) = CHy™(X) = J(HDY.

Thus in particular, Jac(K) is identified as a subgroup of J(H')". For a Hodge class § in
(Hl )®2n72, let
£ JUHNE)Y 5 J(H)Y

be the map [f] — [f(§ ® —)]. For an algebraic cycle Z € CH,,_;(X3" ), we denote by &,

70
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the (H")®*"~2 Kunneth component of

Poincare duality

Cl(Z) c Hén—Z(XZTl—Z)V ~ Hén—Z(XZn—Z) .

The main result of this chapter is the following theorem.

Theorem 4.1.1. Let Z € CH,,_; (Xé“’z). Then
£, (W(EY,)) € Jac(K).

We should point out that this is not a priori obvious, as to get the extension E7°,
one first extends the scalars to C. Note that varying Z, we get a family of points in
Jac(K) associated to E°, parametrized by CH,_1(X§"?). In other words, the weight
filtration on (the mixed Hodge structure associated to) 7t; (X — {oo}, e) is giving rise to

families of points in Jac(K) parametrized by algebraic cycles on powers of X,.

With abuse of notation, we denote the compositions

CHh(lr? (Xénfl ) natulﬂ)map Cthr? (Xanl ) ﬂ IHanl ( X2n71 )\/

n n

and
natural map

CHhOj?(Xén_]) = CHE(:I?(XZn—I) hA I((Hl )®2n—1 )\/

n

by AJ and h,, respectively. In view of Theorem 3.5.1 and the fact that both A, . and
LY, are defined over K (see Paragraph 3.4.4), Theorem 4.1.1 follows immediately from

the following lemma.

Lemma 4.1.1. Let Z € CH,,_1(X;" ?). Then the image of the composition

C h(in]l(xénfw hg ]((H1)®2n71)\/ g I(H1)\/

n

lies in the subgroup Jac(K).

Proof. Denote the diagonal of X, by A(X,). Let Z' € CH,,(X3") be such that its class in
HZn( in)\/
is the ((H')®")¥ Kunneth component of

cl(Z x A(Xp)) € H(XP)Y.
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Such Z’ can be explicitly constructed using the fact that the Kunneth components of
the class of the diagonal A(X,) € CH;(X}) are algebraic. We will show that the diagram

CHE (XE™1) = J((H')2n 1)

Z £

hy=AJ
CHL™(X,) —

WV
) (4.1)

commutes. This will prove the assertion, as h; is the map that identifies Jac(K) =
CH{°™ (X,) as a subgroup of J(H')Y.

By functoriality of the Abel-Jacobi maps with respect to correspondences, one has

a commutative diagram

A
C h(in;(Xén—l ) J ]HZn—1 (XZn—1 )\/

n

z! cl(Z’)
h
CHG™™ (Xo) ———— J(H")".
4.2)
Thus to establish commutativity of (4.1), it suffices to show that
n—1(y2n—1yv _hatural 1\®2m—1\V
]H (X ) projection I H ) )
cl(Z”) ‘
£
J(H')Y
(4.3)

commutes. This in turn will be established if we verify the commutativity of

H2nT (X2nT)V natural -4 jEIn—TyV
projection

cl(Zz) ‘
£

(4.4)
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where with abuse of notation 521 denotes the map f — f(&; ® —). Note that since
cU(Z') € ((H)™)Y c Hn ey,
we only need to verify commutativity on the direct summand
((H')221)Y c BT (x21)V,
Let f € ((H})®")Y. Suppose f is the Poincare dual of « € HZ ' (X*71), i.e.

f(—) = J WA

X2n—1

Then « lies in the Kunneth component (H.)®*"'. Let B € H{.. Unwinding definitions,
in view of the fact that c1(Z’) is the ((H')®*)" component of cl(Z x A(X,)), we have

cl(Z(F)(B) = cUZ") (e ® B) = cU(Z x A(Xo)) (x & B).

Let
oc:Zocgl)®...®oc£ﬂf1.
i
Then

cUZNH(P) = Y cUZ x AX)) (! @...® oy, @ B)

i

= ) A ®...®a ) J o) AR

i X
=y J aZA(ocgi)@...@agﬂ_z)Jocgﬂ_m(s
U oyono X
Sl I CTACGEETCR) IR
i XZn—]
S EACTED
X2n71
= f(&z®B).

Thus cl(Z')(f) = 521 (f) as desired. ]
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From now on, in the interest of simplifying the notation, for a Hodge class & €
(H")®22, we write P; for &' (W(E,)). For Z € CH, (X3 %), we simply write P for
Pg

7

Remark. The idea of constructing points on the Jacobian of X, using Hodge classes in
H?(X?) first arose in the work [30] of W. Yuan, S. Zhang, and W. Zhang in the setting

of modular curves.

4.2 An analytic description of P;

Recall that g is the genus of X.

4.2.1

Proposition 3.3.1(a) gives us a description of ¥(E??,), and hence can be used to give an
analytic description of points of the form P, or more generally P;. The issue with this
description will be that it involves the forms v. More precisely, to do computations
with it one needs to know v(w; ® w;) for harmonic forms w;, w, on X. In this sec-
tion, we try to give a different description of ¥(EE;°,), and hence Pz and P;, which does
not have this issue, as it uses differentials of the second kind as opposed to harmonic

forms.

Recall that in view of Carlson’s theorem (see Paragraph 2.2.2), a Hodge section of
q and an integral retraction of i (see (3.13)) will give us a description of

E, € Ext((H')®", (H")®"") = JHom((H")®", (H")®" ).

We will use the same retraction r of i as in Chapter 3, but seek for a different, rather
more simple, Hodge section of q.

From now on (to the end of the thesis), we fix the following data:

(i) ouy..., 004 asin Paragraph 3.2.1: For 1 <1i < g, oy is holomorphic on X, and for
g+ 1 <1< 2g, «; is meromorphic on X and holomorphic on X — {co}, and the
cohomology classes of the «; form a basis of H..

(ii) abasis dj,...,dyq of H)
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(iii) B1,...,B29 € m (X —{oc0}, e) such that [B;] = PD(d;), i.e.

[-=[an-

Bi X
As in Paragraph 3.2.1, let

R'=) Coi C O (X —{o0}),

where for any Riemann surface M, by Q] (M) we denote the space of holomorphic
1-forms on M.

The map
(HYE" = (La)e
defined by
(o] @ ... ® oy, ] HJ% e K
or equivalently by

[(1)11] R...Q [win] — Jwi] e Wiy ((,Ui < R1), (45)

is a section of q¢; this is clear from (3.9). Thus the composition

quotient
—

4.5
or: (HYE & (Ly)e

is a section of q.

Hypothesis x(n): We say that the «; satisfy Hypothesis (1) if the map o above is

compatible with the Hodge filtrations.

Remark. It is possible that Hypothesis x(n) is always true. Note that the o; certainly
satisfy Hypothesis x(n) if FP(L, )¢ is the span of iterated integrals of the form

Joq]...oql (1<n)
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with at least p of the «, of the first kind.f

Recall from Paragraph 3.3.4 that our choice of the 3; leads to an integral retrac-
tion rz of i given by (3.14). In view of Carlson’s theorem, if the «; satisfy Hypothesis
*(n), the extension E, € JHom(( HY)®™ (H)®"1) is represented by the map 17 o oF.
Thus we have the following description of Y(E??,). (See the argument for Proposition
3.3.1(a).)

Proposition 4.2.1. If the o satisfy Hypothesis x(n), then W([E7?,) is represented by the

map
(HL)E™1 5 C
given by
(] ®@...0w]®d, ®...0di,_, — J W7 ...Wy (w; € R).
(Biy=De(Biy_;—1)
Let

s:HE — O (X —{o0})

be the map that sends ¢ € H[. to the unique element of R' representing c. From now
on, w; := s(dy); it is in particular a linear combination of the «; with integral periods.

c=> pilc)d;

For ¢ € H[,, we write

which is equivalent to

s(c) =) pilc)w;.
For a multi-index
[=({my..oyim) C{1,...,2g}™,

let
d; = d'” ®...Q0 dim € (H])%m

For a Hodge class & € (H")®*"2, we write

&= Z Ar(&)d.

Ic{1,...,2g}2n—2

TMore generally, one may hope that FPL,, (X — S, e), where S is any finite nonempty subset of X(C),
has a similar description (now counting the number of differentials of first or third kind).
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Note that the A;(&) are integers. For Z € CH,,_; (Xé“’z), let A((Z) = A1(&7).

Denote the map of the previous proposition tentatively by f. If the «; satisfy
Hypothesis x(n), by definition, P; is the class of the map

f :HL — C  defined b cH— f(E®c).
C y

We have
fE®c) = Zp] f(& @ d;)
= ZZPJ'C 1 d1®dj)
i1
= ZZP;‘(CV\I(Q J Wi oo Wiy
;o1 (Bt~ (Bigy_,—1)(B5—T)
where in all summations 1 <j < 2gand I = (i,...,i;m2) €{1,...,2gF" % We record

the conclusion as a proposition.

Proposition 4.2.2. Suppose the «; satisfy Hypothesis x(n). Then P; is the class of the
map f¢ : H:. — C defined by

:ZZPJ(C)AI(E) J Wi, R ¢ VS
i1

(Bipy =1 (Bigy o —DI(B5—T)

In particular, for Z € CH,,_; (Xé”‘z), Pz is the class of f¢,.

We finish this paragraph by rewriting the formula for f; in a form that will be

useful in the next chapter. For future reference, we record it as a proposition.

Proposition 4.2.3. For i,j,k < 2g, let

n—1 r—1 n

ui/jk(a; C) = Z Z 7\(11 yeeoyioan—2) (E') Pizn € ( ) H J Wy, H J Wy, .
r=1 i15e0ion_1<2g 1=1 Bi l=r+2,.
(iryirg1,ir4n)=(1j,k) flm Han—1

Then
fe(c) = Z uuk (& ¢ Jwiwj.

)])k<zg ﬁ
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Proof. This follows from the previous formula for f; on noting that by (2.9),

n—-1  r-1
J Wi, ... Wi, = E | | J (CUN J Wi, Wy, | | J Wy, .

r=1 1=1 l=r+2
(Biyy = 1)ee(Bigyy_5 =D Biy ;1) ilm Birin o

n

]

For Z € CH,,_1(X{"?), to simplify the notation we simply write f; for f, .

4.2.2 More on Hypothesis x(n)

In this paragraph, we show that in the case of elliptic curves, one can indeed take
the «; such that they satisfy Hypothesis x(n) for all n. Note that when g = 1, by
assumption «; has a pole of order > 2 at co and is holomorphic elsewhere. The form

oy is holomorphic on X.

Proposition 4.2.4. Let g = 1. Suppose the order of co as a pole of x; is 2. Then the oy
satisfy Hypothesis «(n).

Before we prove the proposition, we state an easy lemma.

Lemma 4.2.1. Let D be the open unit disc in C. Suppose « is a holomorphic 1-form on
D — {0} with a pole of order 2 at 0, and n is a smooth closed 1-form on D. Let f be a
smooth function on D — {0} such that df = « —1 on D —{0}. Then z?f(z) — 0 as z — 0.

Proof. Write o« = (Z% +h)dz, where C # 0 is a constant and h is a holomorphic function
on D. Let F be a smooth function on D such that dF =n. Then

C C
df = (—2+h)dz+dF:d(———|—H+F),
z z
where H is an anti-derivative of h. Thus

C
f= - + H + F 4+ constant.

The desired conclusion follows. O

Proof of Proposition 4.2.4: For convenience, we adopt the following temporary

notation. For i = 1,2, n; denotes the harmonic 1-form on X whose cohomology class

coincides with that of «;. In particular, 1y = 4. For each i, we write oy = 1; + dfy,
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where f; is a smooth function on X — {oo} satisfying fi(e) = 0. (Thus f; is just 0.) Let
a; = [o]. Note that a; € F'H{.. We will be using the multi-index notation

C11=C111®...®C1in

forI = (iy,...,1,) € {1,2}™

To verify Hypothesis x(n), we need to show that or is compatible with the Hodge
filtrations. Since sr is known to be compatible with the Hodge filtrations (see Lemma
3.2.3), we can equivalently show that or — s¢ respects the Hodge filtration. In view of
the fact that both or and sr are sections of q, we see that or — sf actually maps into the

Ln—] > ( Ln )
= ker(q) C
( Ln—Z C (q ) Ln—Z C

(see Paragraph 3.3.3). Thus we need to show that

L Lo Loy
of — s¢) (FP(H)®" ch< “) N <“ ) :FP(“ ) .
(or —s¢) (FP(He)™") o). o). L)

Equivalently, in view of Proposition 3.2.3, we will be done if we show that

subspace

Ty 0 (07 —sp) (FP(HE)®™) € FP(Hp)*

I—n71

(Here q,,_; is the isomorphism = (Hg)®™' given by Proposition 3.2.3.)

Let

n—2
[= (ih---»in) 6{1)2}n

be such that at least p of the i, are 1. It suffices to show that
Ty 0 (0F —s¢)(ar) € FP(Hg) ™.
By Lemma 3.2.3,

n—1
sp(ap) = J LI T Zﬂﬁ cv(My, @M ) LM
=1

+ terms of length at mostn —2 mod L,_,.
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On the other hand,

or(a;) = Joch...oqn mod L,,_,

= J(ﬂﬁ +dfi,) ... (i, +dfy,) mod L, .
The integral above expands as the integral of

nln-f—Zn”.. (dfi.). n1n+Zn1].. (dfy)...(dfy)...mi,

r<s
+ terms with three or more appearances of df.

In view of the relations (2.10) satisfied by iterated integrals, every summand in which
two factors df;, and df;, with s > r + 1 appear, can be replaced by terms of length at
most n — 2. (In particular, this can be done for terms with three or more appearances
of df.) We get

or(a) = Jm]- n1n+Znu-- (dfy,) ...,

~"

(1)
+ Zn”.. (dfy)(dfi.,) ... M,

T™<¥n

(1)
+ terms of length at mostn — 2 mod L,_,.

On recalling fj(e) = 0, straightforward computations using (2.10) show
J JZ Miy - M,y flrnlrﬂ - fivrﬂnir )nir+2 ce e Ty
n

and

J JZT}H <o Mi flr df1r+] )n1r+z e e My

r<n

+ terms of length at most n — 2.
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Thus

(or —sp)(ar) = J D MM (Full — fi My — VNG ®Mi,) ) M, -+ M,

T™<¥n

T Z My -+ My flr df1r+1 )n1r+2 <My,

T<n

+ terms of length at mostn — 2 mod L,_,.

Note that each term on the right appearing on the first two lines has length n — 1.
The integral on the right (which is closed) lives in L,,_;. We claim that both f; 1;, , —
fi,. M, — v(ni, ®M4,,,) and f; df;,, are closed. This is clear for the latter element. As

for the former, if i, = i,,;, then
d (fini., —fi Ny — vy, ®Mi,) )= —dvn, @) = -1, Ang, =0.
On the other hand, if i, # i..; = 1, then on recalling f; = 0, one has
fimi,, — fi M, — (i, @i, ) = o —v(ma @ i),y

the latter easily seen to be closed. The case i, # 1,1 = 2 is similar.

It follows that

Gualor—s)(a) = ) 0, ®...0a, ,®b,®a;,,®...0 a,

T™¥n

+ ) @, ®...0q_, @fd loa,0...0aq,

r<n

where
b, = [fini,,, — fi. M, — v, @4, )]

To complete the proof, it suffices to show that every term in the expansion of q,,_; (o —

sr)(ar) above belongs to FP(H[L)®™'. The element
ai, X...xQ ai,_, X [fir dfir+‘|] X ai.,, X...x ai, (46)
is zero if i, or 1,4 is 1. If both i, and 1, are 2, then by assumption at least p of

TRUUE TURIE YU (4.7)
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are 1, and hence (4.6) belongs to FP(HL)®"!. We show that
ai]®...®airq®br®air+2®...®ain (48)

is also in FP(HE)®™ . If i, = 1,44 = 1, then b, = 0. (In fact, the differential f; n;, , —
fi,, M, — v(ni, ®ny,.,,) is zero, see Lemma 3.2.2(ii).) If i, = i,;; = 2, then again by
assumption as least p of (4.7) are 1. Finally, suppose i, # i,;1. Then at least p — 1 of
(4.7) are 1, so that it is enough to show that b, € F'H].. We consider the case i, = 1.
(The other case is similar.) The 1-form

fini,, — fi. M, — v, @My, ) = = — vim @n) (4.9)

on X — {oo} is of type (1,0), as v preserves the Hodge filtration. It is also closed, and
hence is holomorphic on X — {co}. By the previous lemma and the fact that v takes
values in E'(Xlog 0o), (4.9) (is meromorphic at co and) has a pole of order at most 1
at co. It follows from the residue theorem that indeed (4.9) is holomorphic on X, and
hence b, € F'H[,, as desired. O

We close this chapter with a remark.

Remark. Note that by Riemann-Roch, there exists a meromorphic form on X with
divisor > —200, so that by the previous proposition there always exist «;, x, satisfying
Hypothesis x(n). More explicitly, if X, is given by the affine equation

yz = 4% — g2x — g3,

and oo is the point at infinity, we can take x, = "yﬂ. If oo in not the point at infinity, we
can take o, to be the pullback of "yﬂ along a translation. (Meanwhile, &; can be taken
to be any nonzero holomorphic form on X.)



Chapter 5

Application to Periods

5.1 Some elementary remarks

For ¢ € H{,, define the space of periods of X corresponding to c to be

Perg(c) := (Hi)glc) =) Q J c.

i<2g

Bi
It is easy to see that
Perg(c) = Z Qpilc). (5.1)
i<2g
Indeed, if B = (by;) where
bij = J (D)',
Bi
then
c
pi(c) ﬁj]
B : = :
plg(c) f c
BZQ

Since the Poincare pairing is non-degenerate, B is invertible. Hence (5.1) follows.

From now on we assume that the o belong to Q'(Xy), i.e. are (global) algebraic
1-forms on X,. Recall that the space of periods of X; is the K-span of the numbers

[ e

Bi

83
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We denote this space by Per(X;). For 1 <1i,j < 2g, let

Py = pj([(xi])a

so that

X = Zpijwj.
j

It follows from (5.1) that Per(X,) is spanned (over K) by the numbers p;; (i,j < 29).

It is easy to see that the de Rham lattice (see Section 2.5) in L, (X, — {c0}, €) is the
K-span of the iterated integrals

Joq1 o, (r<ing iy,. .1 < 29),
and thus the space of periods of L, (X, — {00}, e) is the K-span of the numbers

Joci]...oqr (1],,1TS29) (52)

v

withr <nandvy € m (X — {0}, e).

Let Q(Per(X,)) be the field generated over Q by the periods of X,. One can easily
see that for any y € (X — {oo}, e) and r, the Q(Per(X,))-span of the numbers

Jwi]...wir (t1y...,1 < 29) (5.3)

v

is equal to the Q(Per(X,))-span of the numbers (5.2). Indeed, each number in (5.2)
(resp. (5.3)) can be written as a linear combination of the elements of the other set

with coefficients being explicit polynomials (resp. rational functions) in the py;.

5.2 Methodology

5.2.1

It is well-known that algebraic cycles on products of X, or rather Hodge classes in

tensor powers of H', give rise to algebraic relations between periods of X,. In short,
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this is because these Hodge classes cut down the dimension of the Mumford-Tate
group of X, which in turn cuts down the transcendence degree over K of the field
obtained by adjoining the periods of X, to K'. A very elementary and explicit version

of this explanation goes as follows: The subspace FP(H{)®% is spanned by certain

Z PIdb

Ic{1,...,2g}2»

elements of the form

where each P; is a product of p of the p;; with i < g. It follows from basic linear algebra
that if {A;}; are integers, the element

Z Ard; € (H1 )?2‘”
I

is a Hodge class if and only if the py; (i < g) satisfy certain polynomial relations with
integer coefficients.

Example. Let g = 1. Then F'(H')®? is spanned by the four elements
(] ®di, di® ]  (1=1,2),
which can be written as
pudii +pi2dai, pridu +pnde (1=1,2).
An element

£=) Aydy € (Hp)™

]

is a Hodge class (or equivalently, belongs to F'(H')®?) if and only if pi1, p1, satisfy

APt — (M2 + A2)p1piz + Anpi, = 0. (5.4)

It is easy to see
Eax) = £H(—diz + da1),

so that (5.4) becomes trivial. The statements (i)-(iv) below are equivalent.

It is known that the transcendence degree over K of the field obtained by adjoining the periods of
Xo to K is less than or equal to the dimension of the Mumford-Tate group of X. It is conjectured that the
two quantities are indeed equal.
*depending on whether [ wi A w; = +£1
X
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(i) dim (H))®?NF (HL)®? =2
(ii) There is a Hodge class & = ) Aydy; with Ay # 0.
i

(ii) The periods pi1, 12 satisfy a non-trivial quadratic relation given by (5.4).
(iv) X has complex multiplication.

The Hodge class & in (ii) corresponds to a complex endomorphism of X.

5.2.2

86

The main objective of the current chapter is to show that Hodge classes in tensor pow-

ers of H', and hence algebraic cycles on products of X, in addition to giving rise to al-

gebraic relations between the periods of X, (as discussed in the previous paragraph),

may also give rise to non-trivial relations among the periods of the fundamental group

of Xo — {oo} that lie deeper in the weight filtration, at least among the periods

of

L,(Xo — {oo},e) (i-e. iterated integrals of length < 2 in the forms o). In this para-

graph, we explain how a Hodge class might give rise to such relations.

Throughout, to simplify the notation, we identify
Q4 (X) =HM
via the distinguished isomorphism between them.

In the previous chapter for each Hodge class & € (H')®"? we defined a point

Pe = £ (V(ED,)) € J(H')Y =Jac(C).

We identify
I(H1 )\/ ~ Q;lol(x)\/
H] (X» Z )
via the isomorphism given by
[f] = [f ’Q}lol(x)] .
If the o satisfy Hypothesis x(n), the point
Q;lol (X)V
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is [fg |01 (X)]. (See Proposition 4.2.2.)
hol

Lemma 5.2.1. Suppose the «; satisfy Hypothesis x(n).

(a) If P¢ is torsion, then for every « € Q] ;(X), fe(o) € Perg(ex).

(b) If g = 1, then P; is torsion if and only if for all (or equivalently for some nonzero)
x € Q] [(X), fe(«) € Perg(w).

Proof. Both parts are immediate from that P; is torsion if and only if f; | ,, x) coincides
hol
with an element of H; (X, Q). O

Suppose the o; satisfy Hypothesis x(n), and a Hodge class & € (H')®*"2 is such
that P; is torsion. Then by the previous lemma and Proposition 4.2.3, for every « €
Q] (X) one has

D Hip(Ea) J w;w; € Perg(a). (5.5)

lv]ykSZQ ﬁk

The p' are integral linear combinations of the p;(«), and by (5.1) they belong to Perg(«x).

Setting & = 4, ..., a4 , we get relations between
17 J Wiy (iaj> k < 29) (56)
B

with coefficients in Per(X,).

One has the formal relations among (5.6) of the form
J Wy J wj; = J WiW; + J WjWi, (57)
B B Px Px

which come from the shuffle product property of iterated integrals. These will enable
us to write the relations (5.5) in fewer “variables”. For « € Q] (X) and a Hodge class
£ € (H")®™ 2 and i, j, k such that

L,j k < 29,1 <,

let
ik (& o) = }‘L(/i,j,k)(‘(-v; ) — u{j,i,k](é; o).
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Proposition 5.2.1. Suppose a Hodge class & € (H'")®*"2 is such that P; is torsion. If
the o satisfy Hypothesis x(n), then for every « € Q] ;(X),

Z Hiijo (& o) J wiw; € Perg(a).

i,j,k<2g
i B

Proof. We know (5.5) is true. Now note that by (5.7),

> (&) J wiw; =Y p(E) J Wi Wj

i,j,k<2g By i,i,ik<§j29 B
1 2
+ Z 2“{1,1,@(5? “)(J w;)
ik<2g 6.
) miw(E) J w; J wj — J Wjw;
i’j'i];SjZQ Bx Bx Bx
Perg(«)
= ) Huwl&a J wiwj ,
i
since the ' belong to Perg(«). H

Suppose the «; satisfy Hypothesis x(n), and that P; is torsion. Taking & = oy, ..., &g,
we get g linear relations between

1,Jwiw]- (1,j,k < 2g,i<j) (5.8)
B

with coefficients in Per(X,). In view of the last comment in Section 5.1 and the shuffle
product property of iterated integrals, each of these relations can be rewritten as a
linear relation in
| (k< 2g8<5) 59)
B
with coefficients in Q(Per(X,)).

Remark. (1) Suppose the o satisfy Hypothesis x(n). Recall that if £ = &; for an
algebraic cycle Z € CH,_;(X"2), then P; is in Jac(K). (See Theorem 4.1.1.) If the
Mordell-Weil group Jac(K) is finite, then P; will automatically be torsion, and hence
in view of Proposition 5.2.1 we get relations among (5.8). We will pursue this further

in the next section.
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(2) As it was mentioned earlier, it may be the case that Hypothesis x(n) in fact always
holds. Recall that at least we know it does hold if g = 1 and «; has order 2 at co. (See
Proposition 4.2.4.)

5.3 Examples

In this section, we carry out the ideas of the previous section in some cases. In order
to simplify the calculations, we will assume from now on that the cohomology classes

d; are chosen in such a way that

X

5.3.1 Relations coming from the diagonal of X,

In this paragraph, we show that interestingly, the diagonal A(X,) € CH;(X3) can give
rise to relations between (5.8) that do not seem to be trivial. This is in particular inter-
esting, because A(X,) does not give rise to a relation between the periods of X, itself
(as we discussed for g = 1 case in Section 5.1). We begin by finding &4 (x,). Recall that

in our notation &z = ) A;(Z)d;.
1

Lemma 5.3.1. We have
(—1)) ifi<j
Ai(A(Xo)) =10 ifi=j
(1) ifi >,

Proof. Let{ci} be the basis of H}, that is dual to {d;} with respect to Poincare duality, i.e.

1 ifi=]
JCiAdj :611' =

X

0 otherwise.

We use the multi-index notation for the c; as well: ¢y means ¢; ® c;. For simplicity,
write Ay for Aij(A(Xp)). One has for each i,j,

J Cy = JZ}\kldkl/\Cija

AX) x2 Kt
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which can be rewritten as

J'C'l/\cj e —Z}\kl J(dk/\Ci) ® (dl/\cj))
X k,l X2

the latter being clearly equal to

_Z)\kll[(dk/\ci) J(dl N ¢).
X X

Kl

It follows that

}\ij =16 /\ Ci. (510)
X
Let A = (ayj), where

Cli]' = di /N dj,

X

so that A is a 2g by 2g skew-symmetric matrix with the entries above the diagonal all

Ci = Zbijd)"
j

equal to 1. For each i, let

Let B = (by;). One has
6ij — J'Ci /\ d] = JZ bikdk/\ d] = Z bikakj)
X x K .

so that BA is identity, B = A~ It follows that

(=10 ifi<j
by =40 ifi=j
(=1 if i >,

On the other hand, by (5.10),
7\ij = Z bjkbilakb

k1

which is the ij-entry of the matrix B(BA)" = B. The result follows. H
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Let « € Q] (X). One has

Hij (Earxo)s o) = Ay (A(Xo) ) i),

and hence fori < j,

Wi (Eaxe); &) = Prlo) (Ay(A(Xo)) — Ai(A(Xo)))
= 2(=1)"p(a).

Proposition 5.3.1. Suppose the «; satisfy Hypothesis x(2). If P5(x,) is torsion, then

Z (—] )i+jp1k J wiw; € Pel‘(@((xl) (1 = ], ceey g) (511)

1,j,k<2g
i<j P

Moreover, these, as linear relations among (5.8) with coefficients in Q(Per(X,)), are

independent.

Proof. The first assertion is a special case of Proposition 5.2.1. As for the independence
of the relations, note that the g x 2g matrix whose lk-entry is the coefficient in the

J w3y,

Bx

relation corresponding to o of

is minus the top half of the matrix (py)ij<24 Of periods. The latter matrix is invertible
and hence the former has rank g.
O

By Theorem 4.1.1, Pa(x,) is in Jac(K), so that the torsion condition automatically
holds if the Mordell-Weil group Jac(K) is finite. In particular, one obtains:

Corollary 5.3.1. Let K = Q and X, be either the hyper-elliptic curve given by the affine
equation
y'=x(x=3)(x —4)(x = 6)(x~7),

or the Fermat curve given by the affine equation
XP+yP =1,

where p is an odd prime < 7. Suppose (in each case) the «; satisfy Hypothesis *(2).

Then one has g (the genus of X, in each case) independent relations as in (5.11).
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Indeed, in each of these situations Jac(Q) is known to be finite. See [15] for the
hyper-elliptic curve and and [13] for the given Fermat curves. Note that the points

e, oo must be in X,(Q).

Of course, if X, is an elliptic curve over K with finite X,(K), then again a relation
of the form (5.11) is guaranteed. The reason we did not include this as a part of the
corollary is that one may not need X,(K) to be finite in this case, as we will see in the
next paragraph.

5.3.2 More on the genus one case

In this paragraph, we prove the following result.

Theorem 5.3.1. Let g = 1. Suppose the o satisfy Hypothesis «(2) (which is guaranteed
for instance if «; has order 2 at co). Then

P J wiw;z +p12 J wiw; € Perg(oy) (5.12)
B B2
if and only if co — e is torsion in CHgom(Xo) (or equivalently, in Xo(K)).

Before we prove this statement, let us make a remark. The relation (5.12) is just
what (5.11) reads when g = 1. The “only if” part of the result is particularly satisfying,
as it confirms that the relation is not just a consequence of the formal properties of
iterated integrals, and that it cannot be proved using methods that are not sensitive to

whether or not co — e is torsion.

As for the proof of the theorem, since (5.12) can be rewritten as
faxo) (1) € Perg(ou),
in view of Lemma 5.2.1(b), the result follows if we show that
when g = 1, Py (x,) is torsion if and only if co — e is torsion. (5.13)

We first prove a lemma.

Lemma 5.3.2. Let g = 1. Then we have:
(@) ha(Aze) € J((H")®3)Y is torsion.
(b) &5, (R2(Z2)) = —2(c0 —e).
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Proof. (a) This is immediate on recalling that when g =1,
6A,. =0 € CH™(X3).

(See [17, Corollary 4.7].) Here we proceed to give an alternative argument that shows
that in fact, 2h,(A, ) = 0. We will show equivalently that

20(hy(Ay,)) € Hom((Hz)®, R/Z)
is zero. For a permutation o € S3, denote the map
X3 — X3 (X1)X2)X3) = (XO'“))XO'(Z))XO'(?)))

also by o. It is easy to see that 0.(A,.) = Aye. Let 0! (A,e) be as in Chapter 3, i.e. a
chain whose boundary is A, .. Then

ao-*(ai] (Az,e)) = O-*a(ail (Az,e)) = G*(Az,e) = A2,e>

so that 0,071 (A, ) can also be used to calculate ®(h;(A;,)).

Let n7,m; be harmonic 1-forms on X with integral periods whose images in coho-
mology form a basis of H},. Then

=

J MNi; @M, @My J MNi, @My, @My,
0! (Az,e) 040! (AZ‘e)

J o (ni, @My, ®@My,)
01 (Al,e)

- Sgn(o—) J nio-(]) ®T]:lo-(z) ®nio-(3)‘
0! (Az,e)

So far o was arbitrary. Now given a triple (i;,1,,13), take o to be a transposition that
fixes the triple. (Such transposition exists because g = 1.) Then it follows from the

above that 1
J Ni, @M, @Mi; € ZZ'

0! (AZ‘EJ

Thus the image of ®(h,(A; ) liesin (3Z)/Z, i.e. 20(hy(A;) = 0.
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(b) Fix a path y2° from e to co in X. Then

Q! (X)V
-1 [e's) hol
&A(XO)(hZ(ZZ,e)) 6 H] (X, Z)

X — J EA(XO) J .

A(X) Ye

is represented by the map

If follows that
Exh (a(Z52)) = ( j Ea) (00 — ).

AX)
A straightforward calculation (say using Lemma 5.3.1) shows the coefficient of co — e

on the right is —2. O

We are now ready to conclude (5.13), and hence Theorem 5.3.1. Suppose g = 1.
By Theorem 3.5.1 and (a) of the previous lemma, the element

—W(ESS) +Ma(Z52) € J(HY)#*)Y

is torsion. Thus

torsion

Paixo) = Enixg) (W(ES)) = Exlx, (Ma(Z52).

By (b) of the previous lemma, the element on the right is just —2(co — e), establishing
(5.13).

Remark. (1) A straightforward computation shows

1 1
P11 ﬁJ w1wz+P12[J wiwy = . (p” J X1 + puJ X1y — zpnpu(pm +Pzz)) y
1 2 1 2

so that Theorem 5.3.1 asserts that if «, has order 2 at oo, then

1 1
O ——— (Pn J o0 +P12J X0 — zpnpu(Pz] + Pzz)) € Perg(ey)  (5.14)
1 2

if and only if co — e is torsion.

(2) Suppose X, is given by the affine equation

yz = 4% — gaxX — gs.
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Let co be the point at infinity. Take o; = % and o, = ’%". One then has the Legendre

relation

P11P22 — P12p21 = 27,

In view of the previous remark,
1 .
P11 J X100 +p12 J XXy — zpnp]z(pz] —l—pzz) & ZmPer@(oq) (515)
B B2

if and only if e € X,(K) — {oo} is torsion. Using

Pu =—J0€1> pIZZJ(Xl (1=1,2)
B2 B1

and the shuffle product property of iterated integrals, (5.15) can be equivalently writ-
ten as

J oG J(oq o) — Xpy) — J o J(oq o, — o) € 2miPerg(og).

Br B2 Bz Bi

(3) Let & € (H')®? be any Hodge class. Suppose P is torsion. It is easy to see that the
relation induced by & is just a multiple of (5.12).

5.3.3 Relations coming from the diagonal of X}

So far in this section we considered relations that arise from a Hodge class in (H')%?
(namely, the class of the diagonal of X;), and hence only used n = 2 case of Theorem
3.5.1 and Theorem 4.1.1. In fact, we did not even need the full machinery of the former:
We only needed (3.23) of Darmon, Rotger, and Sols. Our goal in this paragraph is
to provide evidence for that, applying the method of this chapter to Hodge classes
in higher tensor powers of H', or algebraic cycles in higher powers of X, and hence
using the results of the previous chapters in n > 2 setting, one may indeed obtain new
information about the periods. To this end, we will study the relations that can arise
from A(X3), where

AXG) = {(x1,x2,x1,%2) 1 %3 € X} € CH,(Xg)

is the diagonal of Xé. We will then show that at least in g = 2 case, these relations are

not the same as the ones arising from A(Xo).
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Throughout, for simplicity, we write A;; for A;j(A(X)) (calculated in Lemma 5.3.1).

Lemma 5.3.3. Let « € Q] ;(X). Then for i,j,k < 2g,1 < j,
Hik(Eaxz) &) = Ajpi(a) — Auepj () — 2(—1 ) pi(e).

The proof of this lemma is a fairly long computation. We postpone it to the end
of the section.

Suppose the «; satisfy Hypothesis x(3) and P,z is torsion. (The latter for in-
stance will automatically hold if Jac(K) is finite, e.g. in the cases as in Corollary 5.3.1.)
Then by Proposition 5.2.1,

Z ( AP — APy — 2(=1)py ) J wiw; € Perg(oy) (1< 9g). (5.16)

i,k
l<] Bk

Proposition 5.3.2. The relations (5.16) are independent (as linear relations among (5.8)
with coefficients in Q(Per(Xo)).

Proof. Let A be the matrix formed by the coefficients of

Junwz, and Junw,- (1<j<2g)
B B;

in the relations. (In other words, the 11-entry of A is the coefficient of | wjw; in the
B
relation corresponding to «;, and for j > 1, its lj-entry is the coefficient of | wjw;j in
B;
the relation corresponding to «;.) It is enough to show that A has rank g. But this is

clear, since one has
2,1 (ACX); o) = 3pu
and
ki, (A5 0a) = 3(=1)py;,
so that the j™ column of A is £3 the j™ column of the top half of the period matrix
(pij)i,ngQ- O]

Suppose both Pa(x,) and P,xz) are torsion, and that the «; satisfy Hypothesis x(n)
for n = 2,3. Then one has two sets of g independent relations as in (5.11) and (5.16).

In g =1 case, the two relations are trivially dependent. On the other hand, one has:
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Proposition 5.3.3. Let g = 2. Among relations (5.11) and (5.16) there are at least 3 (i.e.
g + 1) independent ones.

Proof. In view of (5.11), we can replace (5.16) by

Z ( }\jkpli — }\ikplj ) J wiw; € Per@(oq) (1 = 1,2) (517)
5 k

We refer to the relations (5.11) by R, R, (R, for the one corresponding to o), and to the
relations (5.17) by R;j, R;. Suppose both {R;, R, R{} and {Ry, R;, R}} are dependent. We
claim that for all distinct i,j,k < 4,i<j,and 1l < 2,

(AjkPu — Aucpy + AyPud) (P1ip2j — P1jpai) = 0. (5.18)

Indeed, given i, j, k, l as above, form the 3 x3 matrix whose columns are the coefficients

J wiWs, J WiWj, J Wi W;

Bi B; 3%

of

in E;, Bz, E{. One easily calculates its determinant to be
(AP — AucPy + Aijpuc) (P1iP2 — P1jpai),
so that the claim follows.
Next, we show that the equations (5.18) contradict the fact that the matrix
P = (pyj)i<gj<g

has rank g. This will be done in two steps. Let P; be the j' column of P.

Step 1: Consider the following situations:

() det [P P12} 2o, (i)det [P P 2o,
P21 P22 P21 P24

(iit)det [P P™) 20, (iv)detP? PB) 2o,
P23 P24 P22 P23
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Suppose (i) holds. Then in view of (5.18),
APr — AP+ AP =0 (k= 3,4) (519)

Setting k = 3,4 it follows P; = —P4. On the other hand, (5.19) gives P; = —(P; + P,),

so that
p_ P Pz —(pn+pi2) P+
P21 P2 —(pa+Pp22) Pn+p2

It follows that (ii) holds.

Similarly, one can check that

- (ii) implies (iii) and that P, = —P;,

- (iii) implies (iv) and that Py = —P,, and finally
- (iv) implies (i) and that P; = P,.

Since P has rank 2, it follows none of (i) — (iv) hold, i.e.

det P11 P12 — det P11 Pua — det P13 Pua — det P12 P13 —o.
P21 P22 P21 P2 P23 P2 P22 P23

Step 2: Since 3rd and 4th column of P are linearly dependent and P has rank 2,

one of the first two columns must be nonzero. We assume the first column is not zero;
the other case is similar. By the previous step, P must look like

pin 0 piz O

P2 0 px3 O
Indeed, P; and P, are scalar multiples of Py, so that rank(P) = 2 forces P;, P; to be
linearly independent. Each of P,, P, is a scalar multiple of both P; and P;, and hence is

zero. Now taking (i,j,k) = (1,3,2) in (5.18) we see P; = —P;3, contradicting rank(P) =
2. O

We finish by proving Lemma 5.3.3.

Proof of Lemma 5.3.3: For the moment, let & € (H')®* be an arbitrary Hodge class.

For simplicity, we write Ajiq for Ay (). Let & € wal(X). We will simply write p; for
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Pj(x). One easily sees

u{jk(é; o) = Z PmAijik@mt + PrAlijmAmt,

L,m

where a,,; = J wy. Thus for i < j,
Bm

Htjk(f,; o) = Z Ami ( Pm7\ij1k + Pk7\ujm - Pm7\juk - Pk7\1jim )

L,m

= Z Ami ( Aijik — Ajitk) + Pr (Atijm — Aijim) ) .
In view of a1 = —ay, and a,; = 1if m < 1, this can be rewitten as

Z ( Pm Ak — Ajirk) + Pr (Atijm — Atjim — Amijt + Amjit) + Pt (Ajimk — Agjm) ) y

m<l1

which can again be rewritten as

m—1
Z Pm < Z itk — Ajitk) + Z jitk — Aijik ) + Px Z (Atijm — Aim — Amijt + Amjit) -
l=m+1 1=1 m<l
(5.20)
Now let & = &, X2)- We will simply write i for pij(&; o), and continue to write A
(resp. Aijia) for A (A(Xo) (resp. A (A(X3)). Since A(X3) is obtained from A(Xp) x A(Xo)
by switching the 2nd and 3rd coordinates, one has

Akt = —AikAjk.

In view of Ayj = —Aj;, (5.20) simplifies to

2g m—1
Z Pm ( Z ijlk — 7\juk) + Zo\juk - }\ijlk)) + 2py ZU\ujm - Njim)a

l=m+1 1=1 m<l

Thus so far we know

Hijk = Z AmPm + 2Pk Z(Nijm — Aijim),

m<l
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where
2g m—1
an, = Z (}\ijlk — Ajilk) —+ Zo\jﬂk - }\ijlk)
l=m+1 =1
< Z Z) jlk = ]1Ik
l=m+1 1=1

Thus we will be done if we show

Z(Nijm — Ajjim) = (—1 )t

m<l

(foralli < j)

and
ifm=1i e e
) ik = { (for all distinct 1, j)
0

(Z Z if m # 1.

l=m+1 1=1

The latter is equivalent to that for all i and m,

(i_“i)}\._ 1 ifm=1
"o if m £ i,

l=m+1 1=1

Before we try to verify these, note that for any fixed i and r, one has

(i) Ifr < i, then
2
}\11 — }\n (1’ 7_é O)
Z }\H == ) .
I<r 0 (r=0)
(ii) If r > 1, then
2
Z A — Afsn)i = Arg (r#£1)
U= 5
i<l<r 0 (r=1)
For r > 1, writing
S - (Z + Z) e
1<r 1<i—1 i<l<r

100

(5.21)

(5.22)
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we see that for any 1,1,

( , 2
M= (=D (< #0)
0 (r<i,ré0)
Ai= (D i r=iZ0)
Z7\u: 2,
1<r AMi+Ay =0 (r>iL,r#£i=0)
2
0 (TZI,Téi;‘éO)
2 2
A= (D" r2ir£i£0),
or in short,
) 2 2
—1)H! r<i,tZ0or(r>1,r=0
> A= =1 ( f) rz R ) (5.23)
0 (r<i,r=0)or (r>1ir#0).

Now we verify (5.21) and (5.22). Writing

1<2g

l=m+1 1=1

a straightforward computation using (5.23) gives (5.22).

Turning our attention to (5.21), start by breaking the sum as

Z(Nﬁm — Ajjim) = Z Aljm — Z Aljim.
m<l m<l m<l

We have

1-1
2 Nim = D Ay Aw
m<l 1 m=1
(D) (I1)
-1

s =
D =D DD A

1<j 1> m=1

Before we proceed any further, it is convenient to use the following notation. Given a
subset S C R, we denote by E(S) (resp. O(S)) the number of even (resp. odd) numbers
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in S. In view of (5.23),

(1) = (=1 (E((0,1]) — O((1,))) )

and
(ID) = (—=1)'O((j, 2g)).

(since i < j). Thus

D Ajm = (=1 (E((0,1]) — O((4,§)) + O((, 29]) ) -

m<l

Similarly,
11
D Mjm = ) M) Awj
m<l 2 m=1
11
= (=) (Z - Z) (=)' A
l<i 1>i m=1

In view of (5.23), keeping in mind i < j, we get

D Ayim = (=) (E((0,1) — E((3,5]) + O((3, 29)) ) -

m<l1

Now (5.21) follows from (5.24) and (5.25) on noting that

E((0,1]) — O((,j)) — E((0,1))) + E((4,j]) = E([i,j]) — O((,j)) = 1.
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