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o Euler (around 174-0):

£(2) = 7?16 £(4) = 74790 £(6) = 7°/945
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£(2k) = 7% - (a rational number)
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® Lambert (1760): 7 is irrakional.

® Lindemann (1¥%2): 7 is transcendental.
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Eﬁorottari’ ((2k) is Eranscendental. ]
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A different picture : 0dd zeta values

o kuler spent a Lot of time on odd zeta values too, In 17%5 he sp@.auta&ed
Ehalk perkags there are a,f € Q such that

£(3) = a(log2)’ + frlog 2.

o To date, very Llittle kiownh about transcendence/irrationality of odd zeta
values,

@ Apéry (197%): ((3) is irrational,

® We dont even Kinow er&&omat&%v of {(5). Nothing is knowh about
transcendence of any odd zeta value.

o Li;lwtv expa&%a&om . modern times: {7, {(3),0(5),,(7),...} U{logp : p pr&me}
should be algebraically independent.
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Crrobhendiecie P@.rmc& con jecture

Alg. Geometry Various non-alq. qeometric linearizations

Beltti (singular) cohomology Hy(X) -

VNP Periods

Variit s SRR s G Rham cohomology 7R(X)

X L-adic cohomotagj H(X)



Crrobhendiecle P@.rmd cown jecture

Alg. Geometry Various non-alqg. geometbric Linearizations

Betti (singular) cohomology Hp(X)

Linearizatkion AVAS" Periods
Var./Q P Motkives de Rham ﬁahcmai.ogv H) (X)
X H"(X)

L-adic tohomotogv H'(X)

' (realizations)

Nowad&vs, we fimattj have non-cown jectural geometrically constructed btannaleion
cateqories of motives (Ayoub ‘14, Nori ‘00s).

o Tannakian: similar properties to categories of representations: abelian, tensor pro.,
nice duals, admits a fiber functor

o Key fact: Any tan. Cat. over K is equiv. ko Rep(@E) for some affine group scheme G

over K. More PT’@.&LSQ&?: an af. gr. sch, over K called the
fund. gr. of T wrt o

T tan. over K, any fiber functor T % Vecy gives an equiv. T — f&ep(ziut@(a)))



Def: Let X be a motive over a subfield of C. The motivic Galois group of

X is
G"'(X):= fund. gr. of (X) w.rkb. Betti fiber functor (‘M®(WB‘<X>)>

L’ an alg. group over Q; can be identified as a subgroup of GL(Xp)

Have an equiv. of catls (X) — Rep(G™(X)) given by wp.
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la number field, j
| dim G"(X) = transcendence degree of field generated by periods of X. |
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Hf(([:x) = s[mmmaci bfj

Example. Q(-1) := H(CX); p@.rmds 2710

G"N(Q(-1)) =G,

HC}R(CX) sp&vxmec& bj

GPC for Q(—1) & branscendence of «



Unipotent radicals of motivic Galois groups

Cat. of motives has a functorial filtration W, Like the wt filk. on polarizable MHS%.

reduckive

Su,p.f. X = a mokive.

1 — U"X) —>  G"X) —D GGrV (X)) —D 1

13 e W—lGL(XB) W()GL(XB)

UMLPOE@\& radical parabolic subqr.
for W

V60 — unipotent radical of G™(X)

‘Semasamgi.e

GL(GIV(Xp)—> 1

A nolive

w(X) C W End(X)

Tawn., Formalism

u(X) := Lie(U™(X)) Cc W_,End(Xy)

o Unipotent radicals of motivic Galois groups have been studied previously by
Deligne, Bertrand, Hardouin, Bertolin, Jossen, K. Mur%j, E., ete,

o unipotent radicals of e Ext groups in categories of

motivic Galois groups. motives



GPC and alg. indep. of zeta values and logarithms

o Theorem (Borel ‘72, Soulé 7%, Voevodsky/Levine): Ext groups for
mixed Tate motives

n=3,67...

Aima Ext]\l/[TM(@)(l,@(n)) = | . Sae for MTM(Z)

n=R,4,6,...

Exz@m(@)(l,@(l)) ~ 0¥ ® Q Exz]\gm(z)(l,@(l)) =0

L, , “motive of

S a® 1 \ /

log(a)’, motive H(C*, {l,a}) & .
over &l Lid] -t (2ri)y-log(a) Ext? groups all vanish.
per. mat. 0 i

® Theorem (Deligne '¥9): For odd wn »1, the nonkrivial extension of 1 bj
Q(n) has a peri;od makbrix

Rzi)™ (Qnri)™"C(n) Call this motive Z,
0 1 ; “the motive of {(n)”



o Warm up exercise: GPC and alg, iv\d@.[v. of {7,{(n)} and {m loga} « odd, »1)

Suppose O —> Qn) —>» X —>» 1 —> O is MOMSPLL&

1 —> UMHX) —>» G™(X) —>» G"(&rX) —> 1

" ]
Gaz{[}) 1]} G

X nonsemisimple => Um(X)=G, =» dim G™(X) = 2

llary: GPC for Z, (resp. L,) < alg. indep. of {r,l(n)} (resp. {7, log(a)}).




(Well-lknown)

Proposition: GPC implies alg. indep. of {{(n) : n Q%d} U {7} U {logp : p prime].
PE Lebs focus on alg. indep. of {log Fz} over Q(x,{(3),L(5),...) first.

Set Zopi1: @ Z, «Enough to show thak

n<2k+1

dimm GmOt(ZSZkH@ D, <y L, ) <« dim Gmat(ZSZkH@ D<ni1 L)
We have:
1l > U mat(Z<2k+l@ D, <ni1 Lp) 2 GmOt(Z<2k+1@ D, <n+1 L n) =8 05 |
¥ * [
e UmOt(ZSZkH@ D,y L5 — GmOI(Z<2k+1@ ) -0, —> |

Enough to show (*) is not =, Enough ko have L Dy & (Z<2k+1@ @n<N pn>

Ramified ok py. < Every ObJetE umro\mcﬁed A



Remains to show alg, Emd@.p of {{(n):n odd »1} U {x}.

Recall Z_5 | = @ Z,. Again easy to see that it is enough to arque that

n<2k+1
Z2k+1 9; <Z§2k—1>

Lemma: Let G = U X R be an alg. group over a field of char, o, with R
reductive and U uMppo&em& Let 1% be the abelianization of the Lie alq. of

U, considered as a G-rep. Then for every semisimple object N of Rep(&)
wikh HomG(l N)=0, we have ExtG(l N) = HomG(u“b N).

AF’F’Lj witkh G:GmOt(ZSZk_l), N=QQ2k+ 1):

Ext<Z o 1LQQRk + 1) = Hom(u*(Zey_y), Q(2k + 1)) =

Weight considerations

(W(Z ) CW_ 1 End(Zy;_ 1))




Towards mokbives wikth maximal uh&po&eh& radicals

To seé. the alg. mdep of 7,1085,((3) here we used a 4-dim’l motive with
G ~Q3) Q)@ 1°.

Cain we Ao bhis with a smaller mobive?

1. Is there a 3-dim'l motive that has Z; and Ls as subguotients?

Answered bj Grothendieck’s theory of blended extensions

(Extensions panaakées)

2. If so, would the GPC for it imply the alg, Emd@.[m of m,10g5,((3)?

VU Motives with maximal unipotent radicals



Blended extensions

Invented bj Grothendieck to sEu.cij filkrations 0 C X, C X, C X; = X with




Blended extensions

Invented bj Grothendieck to sEu.ci:j filkrations 0 C X, C X, C X; = X with

X
Gr(X) i DA,




Fix extensions & and A . @ EXTPAN( , L) := col. Of
.~ all bL. exts of N by &
® Ex%pam(/lf , L) := iso.
. classes of bl. ext’s J by
Z (Commuting maps that
are identity on L and N)

A blended extension of

bv L is a comm, diagram
of the form, with exact
rows and columins




Fix exbensions &£ and A

A blended extension of N

bj L is a comm, diagram
of the form, with exact
rows and columins

. ® EXTPAN(S, Z) := col. Of

all blL. exts of by &

@ Ex%pav\(/l/ , L) = Lso.

classes of blL. ext’s A by
Z (Commuting maps that
are identity on L and N)

Prop: a) Extpan(/, LY is
- nonempty Ut o
vanishes in Extz(A3,A1)‘



Fix exbensions &£ and A

A blended extension of

bv L is a comm, diagram
of the form, with exact
rows and columins

. © EXTPAN(S, Z) := col. Of

all blL. exts of N by &

o Extpan(/l, L) := iso.

classes of blL. ext's 4 by
Z (Commuting maps that
are identity on L and N)

Prop: a) Ex&pam(/l/ L) s
nohemply Ut Lo N
vanishes U Extz(A3,A1).

b) Extpan(/F, ) is
§ &amani&attv a torsor
- over Ext'(A;,A)).



Back ko our ques%wm 1: Take

| N 0m3> Q1) —>L, 1 (F' Prime}
| Ex2(1,Q(n + 1)) = oj
\ F: o0—>30n+1)—3Z1) —> Q1) > o (n odd »1)
"
There is M, , , unique up to iso, fiktking in

&

|Ext'(1,Q(n + 1)) = 0] i

@rlt 2" ((n) Cm) "z,

0 (2mi)~! (2xi) " og p
0 0 1

P




Moving on to the second ques&aw

Def: Say a motive X has a unipotent radical f

u(X) = W_,End(X).

Def: An extension (class) & of X by Y is totally nonsplit if its class

in Ext!(1, Hom(X,Y)) does not come afrom any roper su.b\je&% of
Hom(X,Y).

o For extensions of 1 bv simple X, totally nonsplit = nonsplit.

( ALL the all ext'ns
<0 = W, XIW,X - W,XIW,X > W,XIW,X - 0

% X h&‘Q O m&x‘ MME“ T‘ng

f‘ are tot. honsplit, Ay

Converse false in general.

Convese btrue if X has 2 weights (Bertrand/Hardouin).



y) Let X be a (ot necessarily mixed Tate) motive with

&LB 7 Es a < a3 Suppose:
(i) The extensions of Gr, X by Gr, X and Gr, X by Gr, X coming from X are
tok. nonsplit.

(ii) Hom(Grc‘f; X, er/ X) and HOm(GrWX GrWX) have no nownzero womorphw
subob jects.
Thewn X has a maximal uhipa&emﬁ radical.

Cor: M, , has a max. uni. rad.

Recall: given odd w1l and p, M, , w, |
’ | dim Gmm(Mn’p) = dimW_ End(M,, )

/ L

& P
Gr'"M,, ~Qn+1)® Q1) @ I b g :
¥ Alqg. indep. o
@iy Qay e Wk % GPC for M, , < {7, log p, C(i), Ty )
1ks P@.T’a mak.: 0 (27”)—1 (271'1)_110gp | ,
0 0 I  Open question: What is 7, 7

(A per. of MTM(Z[1/p]))



