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Coarseness

Three equivalence relations on alg. c::jci,es: rational, algebraic, homological

PRI =

equ&v&i&h&e

rak. equivatmr\& alq. equ&v&i@& = how. equ,::vatem%

Th (Griffiths ‘69): If X is a general quintic in P*, then

Zl(X)hOm
Z 1 (X)4s

® Q # 0.

Thm (Ceresa ‘¥3): If X is a general curve of genus 72, the Ceresa cycle of
X is algebraically nontrivial.



X = (smooth projective) curve / C , genus 90
Div’(X)

ermm Aiv's

Jac = Jac(X) = Jacobian of X =

X < Jac Image = X, € £ (Jac)

e e X AN SN
Base F"& X2 X— € 1-dim’l alq. Cvci.e o Jac

Ceresa cycle of X with base pt e = Cer(X) := X, — (-1):X, € £ om(Jae)

Mod kom ~ Trw:,&{
Cer,(X) mod different equiv, relations: ook 019 i Imdepemdev\% of e

Mc:}d ro& ~ ‘B@.pemds on e

Ceresa’s thm ('g3): If X = a general curve of genus »2, then Cer(X) is alq.
nownkrivial.

Skill ot this Poim&, Ve exptiai& exampta given



Ceresa cycles of Fermat curves

Nokation: F, = Fermat curve of deqgree 1, given by x"+y"=7"

First explicit example of an alg.

. 7 %, . -
W (B« Harrts, 23)» Cer(F 4) L3 &LS« . e cnbriltol ke ettt cycle

Thm™ (Bloch, ‘¥4 ): Cer(F,) is alg. of infinite order,

Further adap&a&mms b:j Tadokoro, Oksubo, Kimura,... ko obther Fermatk
curves and quotients, In particular:

Thm' (Kinura, 2000): Cer(F-) is alg. of infinite order.

LU R

Thm™ (Otsubo, 2012): Cer(F,) is alg. nonzero for all 4 <n < 1000,

Adaptation of |
~ [Harris’, |

Thm (Tadokoro, 2016): Ceresa cycle is alg. nonzero for some

quotients of F, for prime p<100c and =1 mod 3.
1 Both wethods have bheir
Limitations, Bloch’s gives
stronger resulks, but much
harder to implement.

Uses (Griffiths) Abel-Jacobi map.

* Uses L-adic Abel-Jacobi map.



Harris’ arqument in a nubshell
° V variety Y1 Z (Y) / = CH (Y) D CHCIZ’tOm(Y) (Hom. Erivial su.bgrau,p)
o Grriffiths Abel-Jacobi map

AJ : CH'™(Y) > JH,, (X))l , (., C) | (F  Hoy ik H2d+1(Y 7))
s

'. Gmﬂ;&ks m&ermedm&e Jacobian
(o compact complex torus) |

PSR Kt YR O NN Yl

1T
[" alg. trivial = AJ(]) “vanishes” on F d+2H2d+1(Y )

@ With Y =Jac(X),d=1,Z = Cer(X) (X = a curve), qet:
Cer(X) alq. krivial = AJ(Cer(X)) “vanishes” on H>'(Jac(X)) = /\H1 YX)

@ In his “long Fmper in ‘¥3, Harris calculates AJ(Cer(X)) in terms of
iterated ntegrals,




Harris’ arqument in a nubshell
® V variety 1@ Z (Y) / ~. = CH(Y) D CH}"(Y) (Hom. trivial su.bgrau,p)
o Griffiths Abel-Jacobi map
AJ : CH'™(Y) — JH,,; ((Y) i='H, y (¥, C) | (F*Hyyoq il 1Y, 2))

Do [ G riffiths tntermediate Jacobian |
1T 2\ . com a&Etamve} Egr:tszﬂ
[" alg. trivial = AJ(]) “vanishes” on F d+2H2d+1(Y ) 1 iy X~ 1,

@ With Y =Jac(X),d=1,Z = Cer(X) (X = a curve), qet:
Cer(X) alq. krivial = AJ(Cer(X)) “vanishes” on H>'(Jac(X)) = /\H1 YX)

@ In his “long Fmper in ‘¥3, Harris calculates AJ(Cer(X)) in terms of
iterated ntegrals,

..vﬁ}f LOMS PQF&J‘ i O\b(’}\/@. +

In his “short Fmper ' (also '¥3): Specéatizes to F, deduces Rokrlich on H"(F,)

Cer(F,) alq. trivial = Certain permd inteqral is an integer.

MR e e rational,



AJ(Cer(Fy)) alg. trivial = Certain period integral is an integer.

AR SRRy

o Cawn checle Mov\%ri;vi;at&j Mumerwauj«

o Ac&o\[a&ed to obther Fermoal curves and some quo&enﬁs bu Tadokoro

and Otsubo. There is a numerically verifiable sufficient condition for
nontriviality mod alg. equiv. for a given F.

Limitations (due to it algorithmic nature and reliance
on numerical approximations):

1) Can only check (module algebraic equivalence)

2) Can thv be used for /quo&@m%sq



Modulo rakiownal equ&vai.emte

point, |AJ(Cer,(F,))| = c0. In particular, Cer,(F,) is of

Proof was a combination of:

- Harris” and Pulke’s works on Ceresa cycles and Hodge theory of

- Works of Kaenders and Darmon-Rokger-Sols on alg. cycles and
Hodge theory of

- Rohrlich’s analoque of Manin-Drinfeld
- Gross-Rohrlich’s work on nontorsion points o Jacobians of the F,

We'll sketch a simplified version of the proof that doesnt directly refer to
Hodge theory of ;.



Proot (simpt&fied version)

Step 1) Reduction to the case where e is a cusp (L.e. satisfies x:jz.:c).

AJ(Cer, (X)) =

AJ(Cer.(X))

H3

prim

(Jac) |

Harris: Independent of e.

@ AJ(Cer, (X))
H(X )Acl(A( )))

Pulbte (’ 5?%7’) Linear comb.

of e and the can. divisor
(as a pt on Jac)

When X = F: By Rohrlich, i
e is a cusp, this is torsion,

Step 2) Work with the modified diagonal cycle n X° instead

AgksX) =X, XX — {6, 5% =X, e X qx, X, ef + (X, e e] RE L el sse ¢, x| © CH{’O’"(X3)
(Modified diagonal cycle of Gross, Kudla and Schoen)

Colombo and van Geeman (93). AJ(Cer, (X)) ~gx AJ(Aggs X))
So we can nstead show [AJ(Agks (X)) | = o0,



Step 3) Relate to points on the Jacobian (Idea of Darmon-Rotger-Sols)
Leb | € CHI(XZ)‘. The &orresgamd@.mc:e

' x A(X) € CH,(X* X X?) = CH,(X> X X)

glves a map ;
CH!"(X3) — CH""(X) £ Jac(X). /X\XX

Q = (pry)«(pri;,(£2) - (I X A(X)))
Let P := the image of Agkg (X).

1f |Pr| = o0 for some I, then | AJ(Aggs (X)) | = 0. (Bv §umc&or£aii&v of AJ)



Step 4) Pick a suiktable I' € CH\(F, X F,).

Take I to be the graph of
G

(X,y,Z) =t (—y,Z,X)
Set 0 = ({5, G5»1) € F,. Then

P-=(Q+0-2e) + a FE supp. on the cusps

Torsion bfj Rohrlich

Gross-Rohrlich ('7%): 1f p>7, then |0+ O —2e| = o0 {in Jac(F),)).




Some questions
1) Fermat gquotients

@ Fix p>T.For 1 <s<p-2, consider
CS : yp — X(l AR X)S«
o The maps

(x,y,1) > (X", xy°,1)

(Non-hyperelliptic cases) e
® Grross-Rohrlich: If s € {1,(p — 1)/2,p — 2}, the image of O+ O —2¢ in
Jac(C,) is of infinite order.

o Question: Can the arqument be aciap&ec& o these MOMmka@f@.ﬁiP&&
quo&ev\%s?



@ Partial answer: (Nemoto, 2024) Suppose s°+s+1=0 mod p. Then
|AJ(Cer,(C,))| = o for every e,

“PL: f descends to C.. (In fact, this happens f s°+5s+1=0 mod p.)

What about obther quo&i;em&s?

2) Algebraic equivalence and connection to Beilinson-Bloch cong,

Supp. p,s as above with|AJ(Cer,(X))| = oo.

3
AJ(Cer,(C)) € Ext'(Q(-1), /\ H\(C))

De@mm[acwse.s ko many tampcwnev&s‘

How does Cer,(C)) (or its Abel-Jacobi image) decompose?

Beinsanmetogh

3
L( /\Hl(X),s) should have a zero ak 2.

Which factors have zeros?



