Intermediate Mechanics PHYS-3202
Final Exam

Dr. Andrew Frey
6 Dec 2019

Instructions:
e Do not turn over until instructed.
You will have 3 hours to complete this exam.
No electronic devices, hardcopy notes, or books are allowed.
INSTRUCTIONS REGARDING TEST LENGTH WILL GO HERE.
Answer all questions briefly and completely.
Only the lined pages of your exam book will be graded. Use the blank pages for
scratch work only.

Useful Formulae:
o Friction: Fiatic < N, Frinetic = i IN directed against opposing force or relative velocity

e Air/fluid resistance: F = — "7, A = my

Velocity is given with respect to air/fluid
— Terminal velocity in uniform gravity v = (mg/\)"/"
— Solution in uniform gravity for linear air resistance

=B - = (B ) (-e) -

Solution for vertical motion in uniform gravity for quadratic air resistance

1
v = —\/?tanh(\/’ygt) , z=2z9— —InJcosh (y/7g1)]
v v
with z = zg,v =0 at t = 0, z increasing upward
e Thrust —ru for u exhaust speed, v = vy + uln(mg/m)

e Harmonic Oscillators

— Linear restoring force F' = —kz = —mwiz, linear damping force F' = —\i = —2m-yi
— Potential V = kz?/2

— Independent solutions z = AeP! where p = —y & /72 — w?
— For driving force F(t) = Fe™!, solution is transients plus
2yw

F
[m , tanf = —

x(t) = Aet=0 A= 5
\/(wg — w?)? + 4y2w? wp —w

i



— Isotropic oscillator in 3D has restoring force F = —k7, potential V' = kr?/2
— Can be anisotropic in 3D

General 3D concepts

— Centripetal acceleration a, = —v?/r for circular motion

— Angular momentum J=Fx p, torque T = T X F

Effective potential for central force U = V + J? /2mr?

— For a central force, motion is in a plane L J

— For a central force, Kepler’s second law dA/dt = J/2m constant

Inverse square force F = kit/r2, V = k/r

— Coulomb k = q1q2/47ep, gravity k = —Gmyma

Orbit £ =7 (ecosp £ 1), £ = J?/m|k|, e = \/1+ 2J2E/mk?

Elliptical orbit: semimajor axis a = £/(1 — e?), semiminor axis b = £//1 — ¢2
Kepler’s 3rd law T? = 472a3/GM for gravity

— Hyperbolic orbit a = £/(e? — 1) with impact parameter b = £/+/e2 — 1

Scattering

— Mean free path A\ = 1/no, n =number density, o =cross section
— Hard sphere scattering b = Rcos(6/2), do/d) = R%/4
— Rutherford scattering b = (k/mwv?) cot(0/2), do/dQ = (1/4)(k/mwv?)?(1/sin*(6/2))

Noninertial Frames with Accelerating Origin at R

— General motion of origin: fictitious force F = —deI:Z/ dt?
— Time derivative in inertial axes vs rotating axes da/dt = a+a&xa, angular velocity &
— For R rotating around same inertial origin:

% Transverse force —md x (R + 7)

% Centrifugal force —m@ x (@ x (R+ 7)) = mw?(R+ 7) — m&(& - (B + 7))

% Coriolis force —2ma@ x 7

Inertia Tensor

— Mass, center of mass position, inertia tensor (dm = d37p)

M:/dm, Mﬁz/dmf’, Il’j:/dm(TZC;ij_ri’l"j)

Moments of inertia are diagonal components, products off-diagonal

I, is around z axis, etc

— Principal axes and moments are eigenvectors and eigenvalues

Parallel Axis Theorem I}; = IgM + M(R%*5;; — R;Rj), Ig M is around center of mass
— Angular momentum J; = 37, I;;jw;, kinetic energy T = ;. I;jwiw; /2

e Rigid Bodies

— Inertial axes 1, }, l%, body-fixed principal axes €1, éo, €3
— Rolling without slipping v = wR

— Euler equations in rotating body frame J+& x J =7, in principal axes:

Loy 4 (Is — L)wswa =71, Taws + (I1 — [3)wswy = T2, Isws + (Ia — I1)wiws = 73



— Euler angles

Rotate by ¢ around k

Rotate by # around line of nodes () to define z,y, 2 axes

Rotate by 1 around principal axis €ég

#,17, 2 axes rotate with angular velocity 77 = 0% + ¢ sin 09 + ¢ cos 62
Angular velocity

G =741z = (¢sinfsinty + 0 cos))é, + (dsinf cosh — Osin))és + (¢ cos b + zﬁ)ég
— Symmetric object free rotation “wobble” rate ¢ = Isws /I cos®
— Effective potential for nutation of symmetric object in gravity
1 (Jy — J,cosf)?
2 Isin%6

*

* X X X

V(o) =

+ MgRcos6

e Astronomical data

Earth latitude A = 7/2 — 6, § = polar angle, colatitude

G defined by convention, you can use g = GMg/R2 ~ 9.8 m/s*

Earth mass Mg = 6.0 x 10?4 kg, equatorial radius Rg = 6400 km

Earth orbit semimajor axis ag = 1 au= 1.5 x 108 km, period Ty = 1 yr= 3.2 x 10" s
— Solar mass Mg = 2.0 x 1030 kg, equatorial radius Re = 7.0 x 10 m

e Vector Calculus
— Triple products (@ x b)-¢= (bx &) -@, @ x (bx &) =b(@-¢&) —&@a-b)
— Gradient operator

0 0 0 -
V=— —k
o oy oz
Divergence V- A, Curl VX A, Vx Vf=0,V-(VxA) =0
— Cylindrical coordinates x = pcosp,y = psing,z = z
ds® = dp*+p*dp*+d2? , d°F = pdpdpdz , T= pp+ppp+is, Vf= ip+——f¢+—f
ap" pop’ Oz

Spherical polar coordinates z = rsinf cos ¢,y = rsinfsin ¢,z = rcosf
ds? = dr? + r2de* + r?sin® 0d¢? | 437 = r2drsin0dode , =i + 760 + rsin ngqg

o 1005, 1ot

Vf - r 00 rsinf d¢

e Other Math

— Ellipse and hyperbola in Cartesian coordinates (centered at origin)
2 2
x
@ v
b2
semi-major axis @, semi-minor axis b

— Trigonometric identities
cos?@+sin? @ = 1, sina cos B+cosasin f = sin(a+/3) , cosacos f—sinasin f = cos(a+p)
dsinf/df = cosf , dcosf/df = —sinb , ¢ = cosf +isinf

— Matrix A, eigenvalues A, eigenvectors ¥: AZ = \¥
Characteristic equation det(4 — A1) =0



