PHYS-4601 Homework 2 Due 24 Sept 2015

This homework is due in the dropbox outside 21.26 by 11:59PM on the due date. You may alter-
nately email a PDF (typed or black-and-white scanned) or give a hardcopy to Dr. Frey.

1. Diagonalization Based on Griffiths A.26

Consider a three-dimensional Hilbert space with orthonormal basis |e);, i = 1,2, 3. The opera-
tor A takes the matrix representation

2 1 1
A=Y leeilAlesesl = | —i 2 i | . (1)
i,J 1 — 2

You should be able to check yourself that A is Hermitian.

(a) Find the eigenvalues a; and corresponding eigenstates |a;) (Ala;) = a;]a;)) written in terms
of their components (ej|a;). Choose the eigenstates to form an orthonormal eigenbasis;
that is, choose any ambiguities such that (a;|a;) = d;;.

(b) As we will state in class, A can be written in the form
A= Zai!ai><ai| , (2)

where a; are the eigenvalues and |a;) are the eigenvectors of A. Verify that formula (2))
gives the same operator as when you plug in your answer to part @ for the eigenvalues
and eigenvectors.

2. Something We’ll Call “Momentum”

Define a “momentum” operator p that acts as p ~ —ihd/dz in the position basis (precisely,
(x|p|yp) = —ihdip/dx for any state |1)) with wavefunction (z|¢)) = 1(x)). In this problem, we
will explore some properties of this operator; in the future, we will see why it makes sense to
call it momentum. For simplicity, we work in one dimension.

(a) Let the state |p) be an eigenstate of the momentum operator with eigenvalue p (ie, p-|p) =

p|p)). Show that |p) has wavefunction

(alp) = —o=e/" Q)

(you may assume the normalization constant is given).

(b) Show that (p'|p) = d(p — p'). Hint: You may find the formula

5(z) = % /_ o:o dke (4)

helpful.

(¢) Show that the wavefunction (z) = (z[¢)) and “momentum-space wavefunction” ¢ (p) =
(ply) for any state 1 are Fourier transforms, as defined in Griffiths equation [2.102] (up
to factors of h). To work this out precisely, it will be helpful for you to rescale z and p to
remove explicit powers of 7.



(d) Show first that (p|p|y) = p@(p) for any state |¢)). Then use your previous result to
demonstrate that

dip
) = —ih 2 (z) .
(alp- ) = ~ih 2 () 5)
What this means is that defining p ~ —ihd/dz is equivalent to defining the state |p) by
(3) — you can derive one statement from the other.

3. Permutation Operator

Consider an N-dimensional Hilbert space with orthonormal basis {|1),|2),---|N)} and define
the permutation operator S such that Sin) =|n+1) for 1 <n < N and S|N) = [1).

(a) Show that the state
N
)= A" n) (6)
n=1

is an eigenstate of S with eigenvalue A as long as A takes one of N allowed values. Find
those allowed values.

(b) Is S ever a Hermitian operator? If so, what are the values of N such that S is Hermitian?

(c) In the orthonormal basis described, write S in matrix form for the cases of N = 2 and
N =3.
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