PHYS-4601 Homework 9 Due 14 Nov 2013

This homework is due in the dropbox outside 2126 by 11:59PM on the due date. If you wish to
turn it in ahead of time, you may email a PDF or give a hardcopy to Dr. Frey.
1. Raising and Lowering

a) More or less Griffiths 4.18 Using the relation for Ly L+ given in class and the text, show
(a) g F8
that

Lalt,m) = h/(tF m)(C£m + 1)|6,m+1) . (1)

(b) In a vector/matrix representation of the ¢ = 1 states where

1 0 0
|]-7 1> = 0 s |170> = 1 ) |17 _1> = 0 5 (2)
0 0 1

use (1) to find matrix representations of L+ and then L, and L,.
(c) Griffiths 4.22(b) Use Ly - Y} =0 and L, - Y/ = (hY/ to determine Y/ (6, ¢) up to overall
normalization.
2. Probabilities and Expectations based on problems by Ohanian

Some particle has a wavefunction

W(T) = 1\/Esin2 6 [1 + V14 cos 0} cos(2¢)R(r) , (3)

where R is normalized ([;° drr?|R|? = 1).
(a) If you measure the total orbital angular momentum E2, what are the possible values you
would find and the probabilities you would measure each value?
(b) Find (L), (Ly), and (L) in this state.
(c) Find the uncertainty of L,.

3. Landau Levels from Griffiths 4.60

This problem considers the motion of electrons which are essentially confined to a 2D surface in
the presence of an orthogonal magnetic field. This is the system used to describe the quantum
Hall effect. Since this is a 2D problem, we won’t include p, (if you like, you can imagine that
we consider only eigenstates of p, with zero eigenvalue).

(a) Show that a magnetic field B = Byk can be described by vector potential A = (By/2)(zj—
yi). (2, ], k are unit vectors along x,y, z respectively.)

(b) We saw on the last assignment that the Hamiltonian is

1 /. 2
In this case, show that we can write
_ 1 2 2 L 9/ 2 2
H—%(px+py)+§mw (ac er)waz7 (5)

where w = ¢By/2m. Argue that [H, L.] = 0 (you may use results from earlier problems).



()

(d)

Except for the L, term at the end, this looks like a harmonic oscillator in the x and y
directions. Write H and L, in terms of the raising and lowering operators al, a;f/, g, ay of
those two harmonic oscillators. Evaluate L |n,,n,); is it diagonal?

Apparently we have not yet found how to diagonalize H and L, simultaneously. Now
define lower operators

1 ) - 1 .
A= ﬁ(ay +iay), A= ﬁ(ay —iay) (6)

and their adjoints, the raising operators. First, show that A, AT and A, A! satisfy the
usual commutation relations for raising and lowering operators. Then, find H and L,
in terms of A, A, A", AT, From those expressions, argue that the energy eigenvalues are
E, = hwp(n + 1/2), where wp = 2w = ¢Bp/m is the cyclotron frequency, and that the
energy eigenstates are infinitely degenerate. These energy levels are called Landau levels;

in practice, the finite size of the metal where the electrons live reduces the degeneracy to
a finite amount.
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